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Abstract: The numerical approximation of the solution of the time-dependentd8etger equation arising in
ultrafast laser dynamics is discussed. The linear @tihger equation is reduced to a computationally tractable,
lower dimensional system of nonlinear partial differential equations byrthki-configuration time-dependent
Hartree-Fock method This method serves to approximate the original wave function on a nonlinear manifold,
using the antisymmetry inherent in the model to significantly reduce the dimension of the solution space. For
the solution of the resulting systems of PDEs, several numerical techniques are compared. Space discretization
using the pseudospectral method turns out to be superior to finite difference approximations. For time integration,
the range of applicability and computational efficiency of high-order Runge-Kutta methods are compared with
variational splitting a method recently proposed for quantum molecular dynamics.

Key-Words: Time-dependent Scbdinger equation, multi-configuration time-dependent Hartree-Fock method,
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1 Introduction realistic laser pulses is limited to two electron sys-
alems. The most successful calculations involve the
largest massively parallel computers available [1], [9].
It is clear that the direct solution of the linear time-

dependent Schdinger equation has reached its com-
CIputational limits.

The use of time-dependent density functional theory

This paper discusses the numerical properties of
new approach to the numerical solution of the time-
dependent Schdinger equation arising in ultrafast
laser dynamics.

Large-scale computations of electronic structure an
dynamics pose extremely challenging problems in
several areas of research. For static electronicor this problem is limited at least by two problems:
structure computations, many different methods have ! "€ known approximations of the crucial “exchange
been developed in various fields, such as theoreticaforrelation” term, while producing consistent ground

physics or theoretical and computational chemistry. Siat€ €nergies, generate contradictory and incorrect
To improve on the solution of the time-independent dynamical behavior [11] and there is no applicable

Schibdinger equation by direct discretization, meth- theory for the description of multi-electron processes,
ods like density functional theory (DFTPr (multi- such as detachment of two electrons from an atom.

configuration) Hartree-Fock (MCHFhave been sug- While this appr_oach promises an enormous reduction
gested. in the complexity of the computational problems, the

) theory is not yet developed far enough so as to be ap-
Ultrashort strong laser pulses, however, require the so- y y P g P

lution of time-dependent initial value problems. These plicable to our problem, see also [13].

laser pulses developed during the last few years havel nerefore the present state of the art to make the
opened a new regime in the interaction of fields with ©iginal, linear Schisdinger equation tractable for nu-
matter [7]. One of the most intriguing aspects is the merical computation is the multi-configuration time-
possibility of ultrashort time-resolved spectroscopy in dependent Hartree-Fock method (MCTDHF) pro-

the sub-femtosecond time domain. posed in [3], [12], [13]. This approach produces
a lower-dimensional, nonlinear system of coupled

Schibdinger equations. The method excels in its fa-
vorable scaling of the computational complexity in re-

The present state of the art of numerically solving
the time-dependent Sddinger equation directly for
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lation to the number of particles in the model, thus In (6), only solutions:y) are considered which are
making a simulation of systems with up to ten parti- antisymmetric under exchange of any two of their
cles feasible, see [12]. argumentsz;, x3. This assumption is particu-
lar to the MCTDHF approach, as compared to the

2 The MCTDHF Method multi-configuration time-dependent Hartree method
The model to be solved is the time—dependent (MCTDH) Considered’ for examp|e, in [2] or [8] for
Schiodinger equation for an atom or molecule with  quantum molecular dynamics, and reduces the num-
degrees of freedom in a time-dependent electric fieldper of equations considerably. Particularly, the as-

(typically arising from ultrashort laser pulses), sumption implies antisymmetry in the coefficients
aw Formally, multi-indicesJ = (ji,...,j7) vary for
i5p =2V, M ., =1,....N, k=1,...,f. Due to the simplifi-

_ i cations resulting from the symmetry assumption, only
where thewave functiomy = w(z1,...,zf,t) ex (%) equations for; have to be solved in the actual
plicitly depends on time and, in the case considered cém Utations. however

here, the positions, ...,z of electrons in an atom P i o o

or molecule. The Hamiltoniad is time-dependent  TheFrenkel-Dirac variational principles used to de-

and has the form rive differential equations for the coefficienig and

; the single-particle functionsg,. Thus, it is required
1 . 2 that fore in the manifoldM of functions of the form
H = = (—iVi — At
; (2 (=iVk (B)"+ of the ansatz (6),
U ) + V(- xn) C© (s0liz - H‘ v)=0 @
I#k
where holds, wherejy varies in the tangent spadg M of
f M at.
1 ) . . .
Uz) = — . (3 In order to define a unique solution of (7), the addi-
lz:; Va2 + (x —1.41)2 tional constraints
1
V($ o y) = 1+ (I‘ _ y)27 (4) <¢]|¢k> = j,ka t= 07 (8)
0
A(t) = e~ W7 sin(wt) Ay. (5) <¢J ¢’“> —i(gjlglor), t>0, (9)

V. is the nabla operator w.r. tz;, only. For this po-
tential, the internuclear distance is fixed at 1.4, and for
each molecule the screening parametés adjusted
such that the ionization potential is 0.3 independent of
f[12], [13]. In the casef = 2 which we focus on in
this paperg = 1.28 holds. Moreoveryw is of order of
magnitudelo—l7 T = %"n7 wheren € R is of order of The variational principle (7) and the additional restric-
magnitudel0, and A is a constantd, = O(1). For  tions (8) and (9) finally yield thevorking equations
the moment, only problems in one space dimension

are imposed, where any Hermitian operajonay be
used. Ofteng = 0 is chosen for reasons of simplicity,
but for our numerical treatment nontrivigicannot be
neglected [6]. (8) together with (9) guarantees that the
relation from (8) holds for alt > 0, see [6].

are considered. 1E = Ag(9)a, (10)
In[3], [12], [13], a new approach for the approximate 3(;5
solution of the time-dependent Sékiinger equation i5p = Bila, 9)o, (11)

is introduced: The multi-electron wave functian .
from (1) is approximated by a function satisfying the for @ = (a;i....j;), ® = (éx). In equation (10),
ansatz
[Au ()L == (D [H|Pr) (12)
Y= 3 g (O (@1,0) - 0 (a,0)

(le’]f)

2 asbuz) ©) 22 = (1~ P)H, (13)

is aGalerkin matrix and (11) is derived from



where The vector of Fourier coefficients (which depend on

time ¢) on an equidistant spatial grigc_x, . .., k)
Vi = (d5l) (14) defined on the interval—zenq, zena] by the dis-
pi1 = (i) (15)  crete Fourier transformDFT is given by U(t) =
Hjy = (; |H| ), (16) (G—g(t),...,ux—1(t)) = DFT(¢;), and conversely

, . (¢j(x—kcst), ... dj(vK—1,t)) = DFTHU), with
and P is the orthogonal projector onto the space

spanned by the functiong;. In (14), theL? scalar A 1 = ikmay

product defining thesingle hole functionss defined u(t) = o7- D ex ( P~ > ¢j(z1,t),
with respect to the argument of only, while for the ==K -

density matrixn (15) the integration is defined over all K- ikra\ .
variables except one, and theean-field operator ma- i(@,t) : Z ( Tend ) U (t)

trix from (16) contains operators acting on one spatial

variable, sayy.. DFT andDFT~! can be efficiently computed using

Using numerical approximations for the scalar prod- Fast Fourier Transforms (FFT) [10].

ucts in the definitions ofly and By in (10) and (11),  For time integration, two methods are considered here.
these working equations constitute the mathematicaly;ost simply, the working equations (10) and (11) are
model that is to be solved. solved by the classical, explicit Runge-Kutta method
3 Numerical Methods of order four, after applying either of the space dis-
cretization schemes described above. Alternatively,
variational splittingis used, which was proposed in
[8] for the solution of the nonlinear PDEs arising
from MCTDH. In this method, the HamiltoniaH :=

T + V from (2) is split into the parts

To compute the solution of (10) and (11) numerically,
the method of lines is used. First, space discretization
is applied to derive a system of ordinary differential
eqguations. To this end, two different schemes are em-,
ployed. Originally, second order finite differences on
an equidistant mesh with mesh widNx were used to
discretize the first and second derivatives in the space
variable occurring in the Hamiltonian from (2) [12],

M* &M*

( v <>>2+U<xk>), (17)

i.e.,
V= 4G 18
7 2Ax ’
Wi ) o QIEHAT ) =205 (2, 1)+ (0 —Aw, 1) One step of the variational splitting method starting at
s (Az)? t = to with time stepAt is defined as follows:
forthe single-particle functions;. This naive approx- 1. Computey,,, € M as the solution at time

imation has certain disadvantages. The approximation
of the continuous Hamiltonian operatéris not valid

for the whole spectrum of this operator [3]: The ap-

proximation quality isO((Az)?) in general, see Sec- <5¢
tion 4, only small eigenvalues are approximated well.
Consequently, the pseudospectral method is used asa  with initial value(ty) = o (*T step”).
standard for space discretization. The application of
the kinetic part of the Hamiltoniafl (which contains

to + 3At of

i% - T‘ ¢> =0 Vo e TyM, (19)

2. Computevjz)j/2 € M as the solution at time

the derivatives w.r. t. the spatial variable) to a single- to + At of
particle functionp;(z, t) is thus approximated by
3(2:1) <5w 1—v‘¢>0 Yoy € TyM, (20)

(=iV — A(t))* ~ DFT ™' o (—iD — A(t))? o DFT,

where with initial value(to) = @Z);/Q (*V step”).

_ ) ke 3. Compute); € M as the solution at timg+ At
D := diag , k=-K,.. K-1 of (19) with initial valuey(to+1/2A¢) = 7,

Lend




This symmetric splitting yields a second order approx- where usuallyX’ = 500 is chosen, and time integra-
imation for the solution of the full problem (7) [8]. tion is performed on the intervah-110, 110]. For the
Now, sinceTy € TyM for ¢y € M N H?, the two ~ assessment of the numerical methods, the numerical

steps of the form (19) are equivalent to solving the approximations are compared at 13 points in the time

Schibdinger equations grid spaced equidistantly if®, 110], where the max-
imal error is taken at all spatial grid points, respec-
iaj — Ty (21) tively. For absolute errors, the maximum norm over
ot the points in the time grid is used, while relative errors

on the respective domains. If the initial function is aré computed at = 110 only, because the absolute
chosen inM, (21) decouples into a set of single parti- Vvalues of the electron density remote from the origin

cle Schidinger equations: are too small to admit a meaningful definition of the
relative error in the first few steps of time integration,
day —0. VJ (22) see [5]. We focus on the case wheéfe= f = 2 which
dt ’ ’ reflects the properties of more general configurations
i% _1 (—iV — A)> ¢ + U, Vj. (23) well, see [5]. The working equations for this case are
o 2 explicitly set up in [6].
The second splitting step (20) leads to equations The numerical computations were performed with
da the MCTDHF code [3] on a Compac SC45, where
iE = Ay(9)a, (24) the code was compiled with the Compaq Fortran 90
06 Compiler V5.5-1877-48BBF in IEEE double preci-
i5; = Bv(a, 9)é, (25)  sion arithmetic.

Table 1 gives the empirical convergence ordefer

the solution of (10) and (11) by the classical, explicit
Runge-Kutta method of order four and for variational
The single particle Scbdinger equations (22) and  splitting, where finite differences are used for space
(23) are alternatively solved by the box scheme (wheregjscretization.p is calculated from the differences in
the special form of the resulting system of linear equa- the solutions for three different step sizAs in the
tions is exploited [6]) or, more efficiently, by the pseu- time integration. Here, ‘err’ denotes the difference be-
dospectral method in conjunction with the exponential tween two successive numerical approximations. The
midpoint rule [4], [6], see Section 4. classical convergence orders four and two, respec-
For the solution of theeduced working equatior{24) tively, are indeed retained throughout our tests, see
and (25), various (second-order) schemes can be emalso [5]. Since the error is monotonously decreasing,
ployed. It turned out that the choice of the numeri- the solution computed by the Runge-Kutta method for
cal integrator for these equations is not critical, since At = 6.25 - 10~* is accepted as the most accurate ap-
the reduced working equations do not suffer from proximation available and used as a reference solution
the unsmoothness of the space discretization of thefor the comparisons of the errors later in this section.

(unbounded) differential operatdf. Two (implicit)  The main advantage of variational splitting is that the
schemes proposed in [8] and an explicit second ordefsingle particle Sclidinger equations and the reduced
Runge-Kutta method were implemented and found toworking equations can be treated independently. For
perform equally well, see also [5], [6]. (22) and (23), the discretization of the Laplacian by fi-
4 Numerical Results nite differences inFroduces an undesirable unsmooth-
_ ] _ , ness of the resulting ODEs. Consequently, the step
In this section the numerical properties of the solu- i, At has to be chosen very small. On the other
tion methods described above are demonstrated anﬂand’ (24), (25) are smoother and allow larger step
the performance of the methods is compared. Thegjzes |t is crucial to exploit this feature, as the eval-
electron density uation of the right-hand side of (25) is the compu-
{$le) tationally most expensive part of the solution algo-
serves as a convenient observable, where the scaldithm. While this is not obvious folvV = f = 2,
product above is defined w. r. t. all but one spatial vari- for larger systems the computation Bf, consumes
able. The spatial grid is defined far,q = 100, the largest part of the overall run time of the program,

where Ay and By are defined analogously as in (10)
and (11), using the operatbtinstead ofH .



At err RK p RK | errvarsplit | p varsplit
2.00E-02 — — — —
1.00E-02| 2.0754E-06| — | 3.1665E-06 —
5.00E-03| 1.6152E-06| 0.36| 7.6934E-07 2.04
2.50E-03| 1.6775E-07| 3.27 | 1.9085E-07 2.01
1.25E-03|| 1.1625E-08| 3.85| 4.7605E-08 2.00
6.25E-04| 7.4528E-10| 3.96 | 1.1893E-08 2.00

Table 1: Convergence for Runge-Kutta method and variational splitting, space discretization by finite differences.

T step err P

1 1.6357E-07] —
1/2 4.0933E-08| 2.00
1/4 9.4585E-09| 2.11
1/8 4.1395E-09 1.19
1/16 3.9600E-09| 0.06

Table 2: Convergence f@r step, variational splitting, space discretization by finite differences.

see [3], [5]. In Table 2, the errors w.r.t. the refer- cretization. Moreover, if the space discretization uses
ence solution of the numerical approximations com- smaller Az, Runge-Kutta methods become unstable
puted by variational splitting font = 6.25 - 10~* while variational splitting is designed especially for
are given, where the step sizes used for (22) and (23}his type of unsmoothness, see [5].

areAt/2', i = 0,...,4, and an explicit second or- The results can be remarkably improved when the
der Runge-Kutta methodHgun’s methojlis used to  pseudospectral method is used for space discretization
solve (24) and (25). Note that the integration meth- jhstead of finite differences. In addition to advanta-
ods proposed in [8] show a similar behavior [5]. The geous spectral properties of this approximation of the
decrease of the step size for (22) and (23) reduces thejerivative of the solution [3], the error of the approx-
error with order two for fixedAt until the 7" step is  jmation decreases exponentially when the spatial grid
solved with the same accuracy as thestep. Afactor s refined [10], while the error in the case of finite dif-
of 1/16 appears to be the optimal ratio between the twoferences i$)((Az)?). To demonstrate this, the differ-
step sizes, as there is hardly any improvement in thegnces between the numerical solutions based on either
accuracy when the step size is reduced further. Withgjscretization of the spatial derivative on grids with
this choice of step sizes, the overall convergence ordery _— 125, K = 250, K = 500 and K = 1000

two of the method is still retained, see Table 1. are considered, where the step size for time integra-
In Tables 3 and 4, the performance of the two methodstion is chosen ag\t = 6.25 - 10~* and the Runge-

is compared. Absolute and relative errors are com-Kutta method is used. Thus a possible influence of
puted w. r.t. the reference solution. In the tables, com-the error introduced by time integration is eliminated.
putation times (in minutes) and, more importantly, the Table 5 gives the results. Indeed, it can be observed
number fcount of evaluations @By from (25) dur- that the difference between the solutions computed
ing the solution process is given. Note that, while the using pseudospectral methods and finite differences,
computation time for variational splitting to reach a respectively, isO((Az)?), whence it can be inferred
certain level of accuracy is larger than for the Runge- that the pseudospectral method yields solutions with
Kutta method, the number fcount is comparable or higher accuracy.

even smallerforvariatio_na}l splitting. This implies that The ODEs resulting from space discretization by the
for larger NV and f, variational splitting can be ex- pseudospectral method are apparently smoother than

pected to perform well as compared to Runge-Kutta for finjte differences. There is no advantage in choos-
methods when finite differences are used for space dising the step size for th@ step smaller than for the



At abs. err rel. err time | fcount
2.00E-02|| 2.7781E-06| 2.1192E-03 2| 44032
1.00E-02|| 1.7538E-06| 1.8030E-03 4| 88024
5.00E-03| 1.7875E-07| 8.0391E-04 8 | 176048
2.50E-03| 1.2370E-08| 5.2463E-05| 15 | 352064
1.25E-03|| 7.4528E-10| 3.0853E-06| 31 | 704072

Table 3: Performance of Runge-Kutta method, space discretization by finite differences.

V step. Moreover, the Runge-Kutta method performs method. Moreover, the potential of variational split-
very well in this case. To demonstrate this, the errorsting methods for efficient time integration was as-
(again calculated w.r. t. a reference solution computedsessed and the range of applicability and performance
by the Runge-Kutta method witht = 6.25 - 10™%), of the method was compared with explicit Runge-
run times and number of evaluations of the right-hand Kutta methods. All the numerical methods tested work
side of the differential equations are given in Tables 6 satisfactorily, and the alternative methods investigated
and 7. Note that in this case also, both time integrationshow a potential to improve the performance of stan-
schemes show their classical convergence orders foudard methods. However, the best choice from among
and two, respectively, see [5]. It may be concluded the methods tested for the numerical solution of the
that for the equations resulting from the pseudospec-differential equations arising from MCTDHF is space
tral method, Runge-Kutta schemes yield more favor- discretization by the pseudospectral method in con-
able results. junction with time integration by explicit Runge-Kutta

. methods. Thus, a variable order, variable step size
5 Conclusions code based on these components is used to solve real-
Numerical approximation methods for the solution world problems successfully [3], [12], [13].
of the time-dependent Saidinger equation arising
in ultrafast laser dynamics have been presented. itAcknowledgement
was demonstrated that pseudospectral methods are sl-am indebted to Armin Scrinzi for providing his orig-
perior to finite difference approximations for space inal MCTDHF code for further development and for
discretization of the nonlinear PDEs associated with many discussions about the physical background, and
the multi-configuration time-dependent Hartree-Fock to Wolfgang Kreuzer for implementation support.

At abs. err rel. err time | fcount
2.00E-02| 4.1901E-06| 3.0123E-03 3| 22016
1.00E-02|| 1.0236E-06| 7.5055E-04 6| 44012
5.00E-03| 2.5431E-07| 1.8516E-04| 12| 88024
2.50E-03| 6.3458E-08| 4.5964E-05] 24 | 176032
1.25E-03|| 1.5853E-08| 1.1326E-05 50 | 352036
6.25E-04| 3.9600E-09| 2.6769E-06| 98 | 704040

Table 4: Performance of variational splitting, space discretization by finite differences.

K err P

125 | 1.9052e-02 —
250 | 4.3354e-03 2.13
500 | 1.1168e-03 1.95
1000 || 2.7622e-04] 2.01

Table 5: Convergence w.r.t. spatial grid, Runge-Kutta method.
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Table 7: Performance of variational splitting, space discretization by pseudospectral method.

At abs. err rel. err time | fcount
2.00E-02| 3.0671E-08| 1.4902E-05 2| 44032
1.00E-02|| 2.7000E-09| 5.7671E-06 4| 88024
5.00E-03| 1.6183E-09| 6.2495E-07 8 | 176048
2.50E-03| 1.5052E-10| 4.3914E-07| 15 | 352064
1.25E-03|| 1.0370E-11| 1.1871E-08| 30 | 704072

At abs. err rel. err time | fcount
2.00E-02| 4.5368E-06| 1.1151E-03 1| 22016
1.00E-02|| 1.1129E-06| 2.7781E-04 2| 44012
5.00E-03| 2.7694E-07| 6.9369E-05 4| 88024
2.50E-03| 6.9152E-08| 1.7332E-05 8 | 176032
1.25E-03|| 1.7284E-08| 4.3294E-06| 15 | 352036
6.25E-04| 4.3238E-09| 1.0770E-06] 30 | 704040




