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Abstract. We investigate the convergence properties of the Iterated Defect Correction (IDeC)
method based on the implicit Euler rule for the solution of singular initial value problems with a
singularity of the first kind. We show that the method retains its classical order of convergence which
means that the sequence of approximations obtained during the iteration shows gradually growing
order of convergence limited by the smoothness of the data and technical details of the procedure.
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1. Preliminaries. We are interested in the numerical solution of nonlinear sin-
gular initial value problems of the first order,

(L.1a) 20 =MD 4 5,2, te 0,1
(L.1b) Boz(0) = 4,
(1.1c) zeco,1],

where z, f are vector-valued functions of dimension n, M is an n x n matrix, By is
an r X n matrix and 8 is a vector of dimension r < n. Analytical properties of the
initial value problems (1.1) have been studied in [24] and [25] and for the reader’s
convenience the most important results are briefly recapitulated in Appendix A. Tt
turns out that the smoothness conditions (1.1c¢) can be equivalently expressed in the
form of a set of n — r homogeneous initial conditions and the set (1.1b) is augmented
by these conditions for the numerical treatment.

Mathematical models of various applications from physics, chemistry and mechanics
(e. g. Thomas-Fermi differential equation, Ginzburg-Landau equation, problems in
shell buckling) take the form of boundary value problems of second order, where the
system of differential equations has the form

_ A1t(t) J() + Ag2(t)

(1.2) y"(t) y(t) +9(t,yt), te(0,1],

and Ag, A; are n xn matrices. Note that (1.2) can be reduced to the form (1.1a) using
the linear transformation z(t) = (y(t),ty'(t)). Hence, an efficient solution technique
for (1.1) can also be used to approximate the solution of (1.2) together with a set of
2n appropriately defined initial conditions, for details see [24].

Singular problems arise in a broad range of research fields. Problems as different as the
solution of differential equations posed on unbounded intervals, see [1], [8] and [34], the
computation of connecting orbits or invariant manifolds for dynamical systems, see
[31], [32], differential-algebraic equations ([29]) or Sturm-Liouville eigenvalue problems
([6], [28]) are in the scope of techniques for singular boundary value problems. Often,
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numerical methods are used to approximate the solution, cf. [4], [7], [9], [22]. Initial
value problems of the form (1.1) are also encountered in ecology in the computation
of avalanche run-up, see [30].

These and other similar activities in related areas are a strong motivation for the
search for a numerical method to be used as a basis for a reliable standard code de-
signed especially for the solution of singular boundary value problems, and taking into
account the specific difficulties caused by singularities. Unfortunately, the standard
direct discretization methods are often disadvantageously effected by the singularity.
The application of collocation methods to singular first and second order systems has
been studied in [19] and [37]. The main advantage of this computationally expensive
method is its high super-convergence order which cannot be guaranteed in case of
singularity, in general. The standard direct three-point discretization of (1.2) shows
for certain classes of smooth problems its classical convergence order, but since for
this scheme the asymptotic error expansion does not exist in general, the acceleration
techniques cannot be successfully used to increase the order of the method, see [35],
[15]. In [21] several modifications of the standard scheme have been proposed. The
discretization error now has a uniform h? expansion but unfortunately, this expansion
holds only under strong restrictions on the class of singular problems to be solved.

Our aim is to develop a shooting procedure, cf. [2] or [23], and therefore we need to
propose an efficient numerical solver for the singular initial value problems involved.
The reason why we choose the indirect approach is not only the unsatisfactory per-
formance of the high order discretization methods applied to solve boundary value
problems directly. More importantly, shooting seems to be a particularly attractive
alternative, because within its framework one can use different controlling mechanisms
close and away from the singular point. In the context of initial value problems, we
have already gained some information how the usual strategies for the error estimation
and grid selection work when they are applied to singular problems. We first exper-
imentally investigated the quality of the estimation of the local discretization error
of implicit Runge-Kutta methods. Typically, we observed that close to the singular
point these strategies do not work efficiently in general. Due to the unsmoothness of
the local error near the singular point, the estimation routines tend to overestimate it
(even for small stepsizes) and consequently, the selected grids are too fine in relation
to the smoothness of the solution. On the other hand, the error estimation procedure
for the global discretization error based on the IDeC idea (basic solution obtained by
Runge-Kutta method) performs completely satisfactory along the whole integration
interval. These observations suggest that we will possibly need to control the global
error close to the singularity and switch to the control of the local error away from
the singular point. This idea can be easily realized in a code based on the shooting
approach.

For the numerical solution of singular initial value problems, linear multistep me-
thods and explicit Runge-Kutta schemes, see [18] and [20], respectively, have been
investigated. It turns out, however, that all these methods show order reductions when
the singularity is present. In this paper we propose an alternative high order method
to approximate the solution of (1.1) which is based on the acceleration technique
known as Iterated Defect Correction, where the implicit Euler rule serves as the basic
method. This analysis was motivated by successful numerical experiments reported in
[3] and [25]. Moreover, it was shown in [26] that other one-step methods like the box
scheme or the trapezoidal rule cannot be used as basic methods for singular problems.
Therefore we restrict our attention to the implicit Euler method.
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For regular problems, IDeC was proposed by Frank, see for example [11], [12], and
its convergence behavior has been discussed in [10]-[14] or [33]. The analysis in [13]
shows that under certain conditions the IDeC iterates converge to a collocation solu-
tion which is always a fixed point of the iteration. In [10]-[12] the asymptotic behavior
of the respective approximations with respect to the discretization parameter A is in-
vestigated. This is also the type of analysis which is the aim of this paper. The
results presented in the above papers suggest that the proofs of the classical conver-
gence order for the basic method, and the existence of a sufficiently long expansion
of its global discretization error are the necessary prerequisites for the convergence
of IDeC. These preliminary considerations for the implicit Euler rule applied to (1.1)
have been published in [25] and [27] and are briefly discussed in Appendix B.
Throughout the paper, the following notation is used. We denote by C™ the space of
complex-valued vectors of dimension n and use | - |,

|$l?| = |(IL'1,$2,.. ,:L‘n)l = fg?sx,l'xi"

to denote the maximum norm in C*. CZ2][0,1] is the space of complex vector-valued
functions which are p times continuously differentiable on [0,1]. For every function
y € C°[0,1] we define the maximum norm,

lyll = pax ly()]

We will also use the maximum norm restricted to the interval [0,4], 0 < § < 1,

= t)|.
llylls [fnax. |y (t)]

C? ... [0,1] is the space of complex-valued n x n matrices with columns in C2[0,1].
For a matrix A = (a;;) A e, [0,1], ||A] is the induced norm,

n.
%,j=12 nxn

n

Al = A(t)| = 3 lai
141l := max [A(t)] = max | max 1Iau(t)l :
]:

and ||Al|s is defined in an obvious way. Where there is no confusion we will delete the
subscripts n and n x n and call C = C|0,1] = C°[0,1].

For a constant matrix A the kernel of A is denoted by ker(A) and we write I,, for the
identity matrix in R**™.

For the numerical analysis, we define equidistant grids of the form

Ap = (to,t1,---,tN),
where t; = ih, i =0,...,N, h = %, and grid vectors
up = (ug, - .., un).
The norm on the space of grid vectors is given by

[|lup|lp := max |ugl.
0<k<N

For a continuous function z(t) € C[0,1], we denote by R, the projection onto the
space of grid vectors,

Rh(.Z') = (.Z'(t(]), s 7x(tN))

Often, grids will be used for which N = mN;, m, N; € N. In this case we write
T = tim, iZO,...,Nl, Ji = [TiaTi—i-l]a 1= 0,...,N1 -1
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2. The IDeC method. This acceleration technique is based on Zadunaisky’s
idea for the estimation of the global discretization error of Runge-Kutta methods, see
[38]. In this section we briefly explain how this acceleration technique works; a proof
of its convergence properties is given in §3. We consider initial value problems of the
form

M(t
(2.12) 20 =) 4 5e20), e 011
(2.1b) 2(0) = B € ker(M(0))
We assume to know the approximate solution, zLO] := 2y, obtained by the implicit
Euler rule on a grid Ay, h = m}Vl = %, and denote by pl%(t) = pEO] (t), teJ;, i=
0,...,N; — 1, the piecewise polynomial of degree m interpolating the values of z,[lo],

Pt =20, j=im,... (i+1)m, i=0,...,Ny — L

Using this interpolating function, we construct a neighboring problem associated with
(2.1) and solved exactly by pl%(¢),

(222) (0= M0 4 10,20) +3%0), 1€ 0,1)
(2:2b) 2(0) = p(0) = 5,

where

al(e) = p (1) — X p00) — e, ).

Note that at the points 7; = tim, @ = 1,...,Ny — 1, the derivative of pl%(¢) has
a jump discontinuity in general. This means that the left-sided and the right-sided
derivative has to be used alternatively for the definition of the neighboring problem
on the subsequent subintervals. Using the Taylor expansion of pl*! (t) at t =0 it can
be shown that dl(t) is bounded and integrable. Therefore, the techniques from [24]
can be applied to prove that (2.2) is well-posed. Clearly, in this case the solution of
(2.2) is only piecewise differentiable, in general.

We now solve (2.2) by the same numerical method (implicit Euler rule) and obtain
an approximate solution pg)] for pl%(t). This means that for the solution of the
neighboring problem (2.2) we know the global error which we can use to estimate the
unknown error of the original problem (2.1),

(2.3) en = Rp(2) — 2z = (SLO] =Ry (p[o]) —pE?] = z,[zo] —pE?].

Zadunaisky gave the following heuristic argument for his method to work: If the
values zp, are good approximations for the values of the solution Rj(z) at the grid
points, then the function pl°(¢) is a good approximation for the solution z(t) itself.
Consequently, the defect d°!(¢) is small and hence the neighboring problem (2.2) and
the original problem (2.1) are closely related. This implies that the global error of
the solution of (2.2) is closely related to the global error of the solution of (2.1), and
therefore the estimate (2.3) shall provide some dependable information about its size.
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Having the estimate for the global error of the solution z;?] we are able to improve
this solution by setting

I U (Rh (p[ol) _pgn) _

We use these values to define a new interpolating function pl'l(t) by requiring pgl] (t;) =
(1]

z;'y j=im,...,(i+1)m, i =0,...,N1 — 1, and the associated defect reads

M)

de) = p (1) - =P (1) — 1201 0)).

Clearly, the next neighboring problem is

(2.49) 2= 2020 1 1,20 + d¥), te ©.1)

(2.4b) 2(0) = B,
and we solve it again by the Euler method to obtain the approximation pgll] which is
used to correct the basic solution,

z,[f] = z}?] + 5,[11] = ZLO] + (Rh (pm) — pg]) .

Clearly, this procedure can be iteratively continued.

3. Convergence of the IDeC method. We now prove the following conver-
gence result:
THEOREM 3.1. Consider the IDeC method based on the implicit Fuler rule and on
piecewise interpolation with polynomials of degree m for the numerical solution of
problem (2.1). For the approrimations obtained in the course of the iteration,

(3.1) 27! = R (2)|ln = O(W#*Y), j=0,...,m—1,

holds, provided that f and M are sufficiently smooth. In this case (polynomials of
degree m are used for the interpolation), further iteration does not increase the asymp-
totic order of the approximation in general.

Proof. For simplicity, we restrict our attention to two steps of the IDeC. The generali-
zation of the proof is straight-forward. Let us choose m = 3!. For sufficiently smooth
data, it follows from Theorem B.2 that an asymptotic error expansion for the ba-
sic solution exists. It has the form (B.2) with m = 3. Under the same assumptions,
similar expansions exist for the neighboring problems (2.2) and (2.4). Since the neigh-
boring problems depend on h, so do the coefficient functions in the associated error
expansions. However, we do not use an additional subscript h to emphasize this de-
pendence in order to keep the notation simple. Nonetheless, it is important to note
that the expansion gives an asymptotic relation with respect to a family of step-sizes
h = %, v € N, for a problem which depends on a fixed parameter h. Later on in
the discussion it is possible to choose the special step-size h = h, but at this point it
is convenient to make the difference between problem-dependent influences (h) and

1To show how the generalization works, the results will be given for general m whenever this
does not result in an unnecessarily complicated notation.
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aspects of the numerical method (h) as clear as possible. Thus, the error expansions
read

(3.2) W —R (p[l) Zh’Rh ( [”) 1=0,1,

!l

where e;°, j = 1,...,m, are continuous functions defined by piecewise variational
equatlons of the form specified in Theorem B.2. These functions may have jump
discontinuities in the first derivatives at 7; = t;;,,, i = 1,..., Ny — 1, but in the interior
of the intervals J;, ¢ = 0,..., N1 —1, they have the same smoothness properties as e;
from (B.2). For the remainder term the following estimate holds:

3.3) s < Chp™*, 1=0,1,
( 3

where the constant depends on the problem and therefore on h. It is crucial to show
that C(h) < C for sufficiently small h < hg. We will turn back to this point later in
the discussion.

;From now on, let h := h. Then from the existence of the error expansions for the
original and the neighboring problems we can conclude

(34)  Rp(z)— 21 = Zhﬂ (Rh — Ry (eg-l]))—f-'r‘ =01

Consequently, the proof is completed by showing that (3.3) and
(35)  IRa(es) = Ba (e]!) [l = O'9), j=1,...,m, 1=0,1,

hold. We first recursively prove (3.5), j = 1,...,m, I = 0,1, and finally show (3.3).
For the estimates of the solution of the variational equations and the associated neigh-
boring problems, we require the stability result of Lemma C.1, see Appendix C.
Moreover, in order to show (3.5), we also require the following relationship between
the derivatives of the exact solution of (2.1) and the solution of the first neighboring
problem, which holds for sufficiently smooth f(t,z) and M (¢):

ok _ k) OM), k=0,....m=3,
(3.6) Ilp ? ||_{0(1), k>m+1=4.

To prove this assertion, let 70 (t) be the continuous interpolant of 7, from (B.2)
consisting of piecewise polynomials TZLO] (t),te i, i=0,...,N; — 1, of degree m = 3.
Written in the Lagrange form, these polynomials read

Z wi(t) Z’”
Wi i . .
Tim+1 (t Y (tzm_H) =: sz+lem+l (t),

im 1) 1=0

where

m

H - zm+J O(hm+1)7

WP () = O™ k), k=1,...,m+1.
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Thus,
Lgfn)+l(t) =0(™%), k=0
I9,0=0, k=m+1,...,
0](k)(t) =O(hm+17k), k=0,...,m
0](k)(t) =0, k=m+1,....

[0]

We now consider a continuous interpolant of z;",
(3.7) ool )+ Zhﬂ )+ 70t), telo,1].

Obviously, ¥l%(¢) interpolates the function pl%(t) at the points t;, j = 0,...,N
Hence, for t € J;, 1 =0,...,N; — 1,

k

k! 0] k—1+1
3.8) pllk)(3) — gloltk) 4y = wz( ) @loltmtk—t+1)
B9 P00 8100 =3 el ) &)

holds for k =0,...,m and §; € J;, I = 0,...,k, provided f and M are sufficiently
smooth?, see [16] for a proof. Note that at 7;, i = 1,..., Ny — 1, the statement holds
for the right-sided and the left-sided derivatives, respectively.

Finally, (3.6) follows by using ¥[%(¢) and the triangle inequality in order to estimate
Pl (1) — 2 ().

We now use Lemma C.1 to derive the estimates (3.5). We first show that the as-
sumptions of this lemma are satisfied by the variational equations and the associated
neighboring problems.

For our considerations we choose a sufficiently large domain which contains
z(t),e1(t), ..., em(t), as well as all their required derivatives. Then we show recur-
sively that p[O]( t),e [0] (), .. eE,‘i]( t), and their derivatives are confined to a bounded
domain G. For pl° ]( t) this follows from (3.6). For the solution of the first piecewise
variational equation we can conclude, cf. [24], that

1115 < const [[p1V"[|5

holds for sufficiently small §. Classical theory now implies that 6[10] is bounded on
[0,1].

Since % is bounded on the domain [0, 1] x G, the function Sy, cf. Theorem B.2,
and the analogously defined function SP] associated with the first neigboring problem
satisfy a Lipschitz condition. Consequently,

St (te1, 2(8),2" (1) = S (t.e0, 60,0 (1)) | = O()

max
(t,e1)€[0,1]xG

follows. This is just condition (C.3) from Lemma C.1. Thus, the lemma can be used
to derive the estimate (3.5) for j =1, [ = 0.

In order to estimate e} — 6[10]’, we substitute the representation (A.3) of e; (),

1
er(t) =t / MO, (rt ey (rt), 2(rt), 2 (r8)) dr,
0

2For k = 3 we require f € C°, M € C10.
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into the right-hand side of the defining variational equation, and likewise for e[lo] (t).
Using the triangle inequality and the fact that the derivatives of f are bounded on
the domain [0,1] x G, we obtain

(3.9) et (t) — e (1) = M(0) /0 7= M(0) (sl (rt,e1(rt), 2(7t), 2" (1))

= 81 (rt, el (1), P 7 ),p[ol”(Tt))>dT

+ 81 (t,ex(t), 2(t), 2" (t))
5[01( (1), plol (), ploV” ())

= O(h).
For the higher derivatives of e; and 6[10] we differentiate the equation (3.9) and apply re-
peatedly the triangle inequality. In these estimates, and likewise for e;, j =2,...,m,
we use the equivalence
J i u—1 j

II=-- H%—ZH% w=vu) II 2

k=1 p=1v=1 k=p+1
which holds for any commutative z.,yx, kK = 1,...,7. Note that this means that the

estimates depend only on the differences between the arguments (and their deriva-
tives) of S; and S J[-O]. These quantities can easily be determined from the definitions
in Theorem B.2. Thus, if f(t,2) and M (t) are sufficiently smooth, we obtain®

[el010) _ (b)) — O(h), k=0,1,2,
0(1): k=3,4,
el _ oy = f O), k=01,
2 ? o), k=23,
1™ — e = 0(1), k=0,1,2.

Using the same arguments, we can also prove that the inhomogeneities in the difference
equations for the remainder terms satisfy

11w = 11, = O(BY).

Thus it follows from the estimate in Theorem B.2 that the hypothesis (3.3) for [ = 0
holds which completes the first step of the proof,

Izl = Ru(2)lln = O(h?).

For the convergence proof of the second iteration step, we argue in a very similar
manner.

3In these and the following similar estimates we use m = 3 explicitly since for general m different
cases have to be discerned due to the fact that the results for the first derivatives are always the
same as for the original functions. Apart from the resulting awkward notation, the generalization can
be done in a straight-forward way by successively substituting previous estimates into the defining
variational equations and differentiating as before.
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If rl(t) := r£-1] (t), t € J;, i =0,..., N1 —1is the continuous interpolant of r —rg)] =
O(h™*1) consisting of piecewise polynomials of degree m = 3, then

wltl(y) +zhﬂ( (t) =) + 1), tefo],

is an interpolant of z,[ll]. Since the same holds for pl*l(t) we can conclude from the

analogue of (3.8) that

mw k[ OBF), k=
e it = £ Gk

holds if ®(¢) is sufficiently smooth. Moreover, using the same interpolation argu-
ments for rl(t) as for rl%(t) before and taking into account the previous estimates

for ||e 10k _ ;k)” j =1,2,3, it follows from the definition of ¥M(¢) that

o(h?), k=0,1,2,
[@HE — W) =S o), k=3,
o(1), k=4,5.

These estimates are again derived by using the appropriate estimates for arguments
of S; and SJ[-I], respectively, by substituting the results into the differential equation
as in (3.9) and differentiating the resulting relations.

Now the following estimates follow for sufficiently smooth f(¢,2) and M(t):

oh?), k=0,1,2,
[pM® — 2B =S O(h), k=3,
0(1)7 k= 4755
O(h2)7 k=01,
'™ — e =3 o), k=2
O(l)a k= 3;47
ell® _ g0y = [ O), k=01,
2 2 0(1)7 k= 2737
1e1® — e = 0(1), k=0,1,2

Finally, an analogous argument for the remainder term completes the proof of Theo-
rem 3.1 for the case m = 3. In the general case the proof can be carried out in a very
similar way, using

I+1
ol ) + ZhJ (est) = el 2®)) ++1-1e), te 0,1
as an interpolating function in the [-th step. d

Remark: An approach to prove the result for a general step of the IDeC iteration
that is different from the one adopted here is given in [14]. There, the result of the
(m — 1)-st step is considered as the result of an arbitrary numerical method and one
additional IDeC step is performed. However, we believe that the direct approach
presented here provides a clear indication of how the argument can be continued.
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4. Numerical Results. To illustrate the theory we consider a nonlinear prob-
lem from [20],

Y6 = 300 +5°(0) =370, 1€ 0,1,
y(O) =1, (0) =0.

The equivalent first order form has been used for the computation,

0=3(0 0 )0+ (e S )0 te01
v(0) = ( ; ) v'(0) = 0.

The exact solution of this problem reads y(t) = ﬁ

In Table 4.1 the maximal error of the approximation obtained in the j-th step of
the IDeC iteration is denoted by d;. Moreover, p; and ¢; are the empirical orders of
convergence and error constants, respectively. Polynomials of degree five were used
for the interpolation. In accordance with the theory, Table 4.1 shows the expected
order sequence O(h), O(h?),...,0(h%), with no further improvement after the fourth
iteration.

Appendix A. Analytical Results for Singular Initial Value Problems. Con-
sider the singular initial value problem of the first order

(A1a) 20 = Mo+ 20, 1e0.)
(A10) Boz(0) = 5,
(A.1c) M(0)2(0) = 0,

where z, f are n-dimensional vector-valued functions, M is an n X m matrix, By is
an r x n matrix and f is an r-dimensional vector, r < n. We assume M (t) € C'[0,1]
which means that we can write

(A.2) M(t) = M(0) + tC(¢)

with C(t) € C[0,1]. For the numerical treatment we always assume By = I, and
B € ker(M(0)). For suitable 8 = Ef,, where E is a basis of the kernel of M (0), this
choice provides r linearly independent initial conditions equivalent to (A.1b).

The analytical properties of (A.1) have been investigated in full detail in [24] and in
[25]. For the analysis we assume that f(¢,z) is continuous and satisfies a Lipschitz-
condition with respect to z on [0,1] x R™. It can be shown that a restriction on the
spectrum of M (0), namely the absence of purely imaginary eigenvalues or eigenvalues
with positive real parts, is necessary in order to formulate an initial value problem of
the form (A.1) having a unique, continuous solution y(t). In this case, the condition
M(0)z(0) = 0 is necessary and sufficient for z € C[0,1] and provides n — r linearly
independent, conditions which the initial value z(0) has to satisfy. This solution is
unique iff the rxr matrix By E is nonsingular. If f is k times continuously differentiable
and M € C**+1[0,1], then the solution satisfies = € C**1]0,1]. The solution of (A.1)
is the unique solution of the equivalent integral equation

(A.3) z(t) =2(0)+1 /1 MO C(r8)2(rt) dr + t/1 7= MO) £ (71, 2(1t)) dr.
0 0
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TABLE 4.1

Convergence of the IDeC method on [0,1].

h do Do co 01 p1 c1
1/5 7.9-10792 [ 0.565 | —1.9-1079T || 5.3-10702 | 1.334 | —4.5-10~ %!
1/5-271 || 5.3-107°2 | 0.761 | —3.1-107°! || 2.1-1070? | 1.661 | —9.6 - 10~ 0!
1/5.272 || 3.1-107°2 | 0.875 | —4.3-107°! || 6.6-10703 | 1.830 | —1.6 - 10700
1/5-273 || 1.7-107°2 | 0.936 | —5.4-1070! || 1.8-10703 | 1.915 | —2.1.10+00
1/5-27% || 9.0-107°% | 0.968 | —6.2-107°! || 4.9.107%4 | 1.957 | —2.6 - 10700
1/5-275 || 4.6-10-93 | 0.983 | —6.7-1070! || 1.2.1004 | 1.978 | —2.9. 10100
1/5.276 || 2.3.107°% | 0.991 | —7.1-1070! || 3.2.10705 | 1.989 | —3.1.10+00
1/5.277 || 1.1-107°% | 0.995 | —7.3-1070! || 8.1-1076 | 1.994 | —3.2.10700
1/5-278% || 5.8-107%4 | 0.997 | —7.4-107°% || 2.0-10796 | 1.997 | —3.3.10%00
1/5-2792 || 2.9-107°4 | 0.998 | —7.4-107°! || 5.1-107°7 | 1.998 | —3.3.10700
1/5-2710 || 1.4-107%4 | 0.999 | —7.5-107°! || 1.2-10797 | 1.999 | —3.3 - 10100
1/5.2711 || 7.3.10795 | 0.999 | —7.5-1070! || 3.2.10708 | 1.999 | —3.3 . 10100
1/5-2712 |1 3.6-1079 | 0.999 | —7.5-107°! || 8.0-1079° | 1.999 | —3.3 . 10100
1/5-2713 || 1.8-1079 | 0.999 | —7.5-1079! || 2.0-1079° | 1.999 | —3.3 . 10100
1/5.271 || 9.2.10706 5.0 -10710

h d2 P2 c2 3 p3 c3
1/5 3.0.10792 | 2.486 | —1.6- 10700 | '1.1.10702 | 2.988 | —1.4 - 10F00
1/5.271 || 5.4.107°% [ 2.992 | —5.3-10790 || 1.4.10703 | 2.931 | —1.2.10+0
1/5-272 || 6.8-107%4 | 3.158 | —8.7-10790 || 1.9.107%4 | 38.532 | —7.7. 1010
1/5-273 || 7.6-10795 | 3.137 | —8.0-10%%0 || 1.6.10705 | 3.809 | —2.1-10701
1/5-27% || 8.6-1079 | 3,013 | —4.7-10%%0 || 1.2.10796 | 3.915 | —3.4- 10101
1/5-27% || 1.0-107°¢ | 2.932 | —3.1-10100 || 8.0-107°® | 3.960 | —4.3.1010!
1/5-276 || 1.4-107°7 | 2.966 | —3.8 10100 || 5.1.10~99 | 3.980 | —4.8 - 10101
1/5.277 || 1.7-107°8 | 2.983 | —4.2-107%0 || 3.2.101° | 3.990 | —5.1 - 10101
1/5.278 | 2.2.10799 | 2.991 | —4.4.10%%0 || 2.,0.10~1! | 3.995 | —5.3.10701
1/5-279 || 2.8-10710 | 2.995 | —4.6-10100 || 1.2.10712 | 3.997 | —5.4.10101
1/5.2710 |1 3.5.107 1 | 2.997 | —4.7-107%0 || 8.0-10714 | 3.998 | —5.4 . 10101
1/5.271 |1 4.4.10712 | 2.999 | —4.7-10790 || 5.0-1015 | 3.999 | —5.5.10101
1/5-2712 || 5.6-10713 | 2.999 | —4.7.10%00 || 3.1.10716 | 3.999 | —5.5.10101
1/5.2713 || 7.0.10~ 14 1.9.10717

h 04 P4 c4 Js Ps cs
1/5 7.1-10793 [ 2.033 | —1.8-107 9T |[ 1.2-10792 | 3.227 | —2.1- 10790
1/5-2=1 || 1.7-10793 | 4.803 | —1.1-10102 || 1.2.10793 | 6.104 | —1.6-10703
1/5-27%2 || 6.2-107% | 5.198 | —3.6-10192 || 1.8.10705 | 4.802 | —3.3 - 10701
1/5-273 || 1.7-107° | 5.140 | —2.9-107°2 || 6.6-107°7 | 5.269 | —1.8.10102
1/5-27% || 4.8-10798 | 5.079 | —2.2.10102 || 1.7.10708 | 5.324 | —2.3 . 10102
1/5.275 || 1.4-107%° | 5.041 | —1.8.10%92 || 4.3.10710 | 5.250 | —1.6 - 10102
1/5-27% || 4.3-107!! [ 5.020 | —1.6-10792 || 1.1-10~!1 | 5.165 | —9.9 - 10101
1/5-277 || 1.3-107!2 | 5.009 | —1.5-10792 || 3.1-1013 | 5.099 | —6.4 - 10101
1/5.278 |/ 4.1.10714 | 4.990 | —1.3.10%02 || 9.2.10715 | 5.056 | —4.7 . 1010!
1/5.279 || 1.3-10715 | 4.995 | —1.3.10102 || 2.7.10716 | 5.031 | —3.9 - 10101
1/5-2710 11 4.1-10717 | 4.997 | —1.4-107°2 || 8.4-1018 | 5.016 | —3.4-1010!
1/5-2711 [ 1.2.10718 | 4.999 | —1.4-10792 || 2.6-10719 | 5.009 | —3.2- 10101
1/5-2712 || 4.0-1072° 8.1-10"2¢

11

For sufficiently small § > 0 the right-hand side of this equation is a contraction for
t €0,4].

Appendix B. The Implicit Euler Rule for Singular Problems. For a grid
vector xj on an equidistant grid Ay define the operator

M(tiy1)
tit1

Tit1—Ti

zo — 3

(B].) Fh(fl?h) = $i+1_f(ti+1;xi+1); ZZO,,N—]_

Clearly, the approximation zj, for the solution of (A.1) obtained by the implicit Euler
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rule solves the nonlinear scheme Fj(zp) = 0.

In [25] and [27] a contraction argument on a subgrid on the interval [0,d] and the
classical result on [d, 1] were used to show that the following convergence result holds:
THEOREM B.1. Consider the system (B.1) with the nonlinear operator Fp(zp). For
every continuous f(t,z) which has a bounded Fréchet-derivative with respect to z on
[0,1] x R*, M(t) € C'[0,1] and every initial value B € ker(M(0)), the nonlinear
scheme Fy(zp) = 0 has a unique solution zy. If the solution z of the underlying
analytical problem (A.1) satisfies z € C?[0,1], then the global error ey, := Rp(2) — 21
of the approximate solution satisfies

lienlln = O(h), k= 0.

Moreover, Newton’s method applied to solve the nonlinear problem (B.1) converges
quadratically, provided that f is smooth, see [27] for the proof.

In addition, an arbitrarily long asymptotic error expansion for z, exists for sufficiently
smooth problem data f(¢,2z) and M (¢). Examples for such expansions can be found
in [25] and [27]. The general form is discussed in the next theorem.

THEOREM B.2. Consider zp, from the previous theorem as an approrimation for the
solution of (A.1). Let M(t) € C™+2[0,1]. Let f(t,z) be m + 1 times continuously
differentiable on [0,1] x R™ with bounded derivatives with respect to z. Then, there
exists an asymptotic error expansion for the global error of zp,

m
(B.2) zn — Ru(2) = Y W Ra(e;) + 7,
i=1
where e; € C™279[0,1], j = 1,...,m, are smooth functions which satisfy the varia-

tional equations

) = 2 0e;0) 4+ 2 ayye; 0

t
I N D g | Cal

o+t = p
Iu”lZOJ Z=]—a7]

f,:1 Vi, = J

j—1 o ,
(G2 AR A ) (=17
S A ARSI ¢ 2
+Zl(j+1—z)!el O+ Grore @

M(0)

== e;(t) +S; (t,el,...,egj),...,ej_l,...,e;-'fl,ej,z,z(j"'l)) ,

€; (0) = 0.

The remainder term ry, satisfies the recursion

riv1 — 1 Mt ;
i =i _ M( z+1)1‘i+1 +9(tipr,ripr) +1;, i=0,...,N -1,
h tiy1

’I‘():O
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with

1
9(ti, i) 3:/ af(g;z) +Zh’e] +7r; | dr -7y,
0

= Z o 1 — / ™D (g (1 — 7y dr

=1

—1)m
e (fn +)1)! /0 A by — Th)(1— )" dr
T OMf(t, 2 1 s .

+ Z %(tiﬂaz(tiﬂ)) Z PR H e (i1 )R
i+t = p =

pi>0,e=1,...,m
ZT:1VNV>m

Moreover, the estimates ||lp||n = O(h™*!) and consequently,
[Iralln = O(R™ 1)

hold.

Proof. The above variational equations and the difference equation can be derived by
substituting the ansatz (B.2) into the defining equation Fjy(z5) = 0 (cf. (B.1)), Taylor
expansion of the involved quantities and equating coefficients of the same powers of
h. The smoothness properties follow by applying the results of Appendix A, thereby
justifying the formal Taylor expansions, and the estimate for [, is straight-forward.
The estimate for rp, follows by applying techniques used in the proof of Theorem B.1.
The detailed proofs of case studies, m = 5 and m = 8, can be found in [25] and [27],
respectively. O

Remark: We chose to derive the variational equations without using Faa di Bruno’s
formula because it is not possible to rewrite the singular problem in an autonomous
form and use the result directly. Moreover, from the explicit derivation of the varia-
tional equations it is immediately clear that their problem type is indeed the same as
for the original problem and all previously developed techniques for singular problems
can be utilized.

Appendix C. A Stability Result for Piecewise, Singular Problems.
LEMMA C.1. Consider the singular initial value problem*

(C1a) 20 = a0+ f(62(0), 1€ 0,1]

and the problem

M
(C.2b) Y0(0) =,
(C.2¢) yi(ri) =yi—1(mi), i=1,...,N1 —1,

4The case of variable coefficient matrix M (t) is included in this problem formulation.
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with data specified in a piecewise manner and the solution y(t) := y;(t), t € J;, i =
0,...,N; — 1. Let us assume z(t) and y(t) to be confined to a domain G C R".
Let f(t,z) be continuous, and Lipschitz-continuous with respect to z with Lipschitz-
constant L on [0,1] x G. Let the same hold for g;(t,z) on J; x G. Finally, assume
that

. t —gi(t < ,=0,...,N; — 1.
(C 3) (t,zr)ré?])i(xG |f( ,Z) g’l( ,Z)| SE 1 07 »4V1
Then
(C.4) Iz = yll < Seb* + = (e*» 1)

L,
if 0 is chosen in such a way that L1 := DL < 1, where
1
(C.5) / |7'_M| dr < D = const,
0
Ly := Zmax{L, ‘(SM} and S := —1—1L1 18—~ + ligla.

Proof. The following representation follows immediately from the variation of constant
formula and can also be obtained from (A.3) by the change of variable 7 — 2:

Tu+41

t

Mg, (5,4, (3)) ds + £ / M gi(s, yi(s)) ds,
T3

1=0,..., Ny — 1. Likewise,

z2(t) =8+ tM/O s M f(s,2(s))ds.

Combining the above representations for z and y;, we obtain

il a7y ¢ M
) - w| < 5 -1+ Y [ () ds-<
v=0"Tv
i—1 Tot1 ¢ M
+ L / (—) ds- max |z(n) —yy
Z; - s Jepmax [z = yu ()]

ds - max [z(n) — yi(n)]
776[7—1' ’t]

¢
ds-5+L/

i

() ()

1 1
< |ﬂ—’y|+t/ |T_M| dT-6+Lt/ |T_M| dr - max_ |z(n) —y(n)|.
0 0 n€[0,¢]

t
o

i

Let 0 be sufficiently small and take the maximum over ¢ € [0, 4] in the above inequality.
Then (C.5) implies

Iz —ylls < S.

Note that this estimate is independent of ¢ and therefore independent of the partition
(70,---,7nN, ) involved in the definition of the piecewise problem (C.2).

Now on [d, 1], the estimate (C.4) is a standard result for regular initial value problems.
The extension of the result to piecewise problems of the form (C.2) is straight-forward,
for a proof see [10]. O
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