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Abstract

The solvability of a certain class of singular nonlinear initial value problems is discussed. Particular attention is
paid to the structure of initial conditions necessary for a bounded solution to exist. The implicit Euler rule applied
to approximate the solution of the singular system is shown to be stable and to retain its classical convergence
order. Moreover, the asymptotic error expansion for the global error of the above approximation is proven to have
the classical structure. Finally, experimental results showing the feasibility of the approximation obtained by the
Euler method to serve as a basic method for the acceleration technique known as the Iterated Defect Correction ar
presentedd 2000 IMACS. Published by Elsevier Science B.V. All rights reserved.

Keywords:Ordinary differential equations; Initial value problems; Singularity of the first kind; Existence and
uniqueness theory; Stability and convergence of the implicit Euler method; Asymptotic error expansion for the
global error of the Euler solution; Iterated Defect Correction for singular initial value problems

1. Introduction

Mathematical models of numerous applications from physics, chemistry and mechanics (e.g., Thomas-
Fermi differential equation, Ginzburg—Landau equation, singular Sturm-Liouville eigenvalue problems,
Emden—Fowler equations, problems in shell buckling) take the form of systems of time-dependent partial
differential equations subject to initial/boundary conditions. For the investigation of stationary solutions
many of these models can be reduced to singular systems of ordinary differential equations, especially
when—due to symmetries in the geometry of the problem and in the problem data—polar, cylindrical or
spherical coordinates can be used.

Here we investigate initial value problems of the form

(1) = MTmz(t)Jrf(t,z(t)), t € (0,1], (1a)
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Boz(0) = B, (1b)
z € CI0, 1], (1c)

wherez and f are vector-valued functions of dimensienM is a smooth: x n matrix, By is anm x n
matrix andg is a vector of dimensiom < n.

We first establish the existence and uniqueness theory for (1). Especially, we describe the structure
of (most general) linear initial conditions necessary and sufficient for a solution of (1) to exist. We also
examine the smoothness propertieg ahd show that they depend not only on the smoothnes# anhd
f but also on the eigenvalue structure ®{0). Finally, we estimate neart = 0 in order to show the
local behavior ot close to the singularity.

Next, we study convergence of the implicit Euler rule applied on an equidistant grid with the step
sizeh to find an approximation for the solution of (1). It turns out that standard techniques based on local
stability and consistency concepts fail, and therefore we prove that the Euler method converges of order
O(h) (as in the classical case) by explicitly inverting the associated discrete operators.

For the numerical solution obtained by the Euler methg@dys z(s;), i =0,..., N, we derive an
asymptotic error expansion of the following form:

5
Ui=Z(ti)+Zhj€j(ti)+ri, i=0,...,N, (2)
j=1
wheree; € C[0, 1] are smooth functions angl= O(k°). The smoothness properties pand M from (1)
which are sufficient for such an expansion to hold are given and it is shown that (2) will have an arbitrary
length provided problem data is appropriately smooth.

The motivation for the analysis presented here is that in general, standard one step methods do no
retain their classical order of convergence when they are applied to solve singular problems, see [7] for
the behavior of Runge—Kutta methdd§ herefore, it can be more efficient to use a low order method first
to obtain a basic approximation and then improve it by one of the well-known acceleration techniques
(e.q., lterated Defect Correction). An asymptotic error expansion for the basic approximation, cf. (2),
will certainly be a crucial tool in the theoretical proof of the performance of such a procedure, see [2-4].

2. Preliminaries

Throughout the paper, the following notation is used. We denot€"bthe space of complex-valued
vectors of dimension and usg - | to denote the maximum norm i’

;
x| = |(x1, X2, ..., x») ' | = max |x;].
1<i<n

C?[0, 1] is the space of complex vector-valued functions whichzateanes continuously differentiable
on [0, 1]. For every functiony C,?[O, 1] we define the maximum norm,
= max|y(r)|.
Iyl ogg’y( )|
We will also use the maximum norm restricted to the intef@ab], § > O,

= Mmax 7).
Iylls Ogt@!y( )|

1 Runge—Kutta methods of higher order may show an order reduction dow¢hf0.0



0. Koch et al. / Applied Numerical Mathematics 34 (2000) 231-252 233

Cr.,[0,1] is the space of complex-valued x n matrices with columns irC’?[0, 1]. For a matrix
A= (a;j)}j—1, A€ CP,,[0,1], |A|| is the induced norm,

nxn

01\ 1<

IA] = maxyA(z)| = max(max Z|a,](t)>

Where there is no confusion we will delete the subscripgdn x n and callC = C[0, 1] = C°[0, 1].
For a mappingf, R(f) denotes the range of.
For the numerical analysis, we define equidistant grids of the form

A= (to, t1, ..., 1x),

wheret; =ih,i =0,..., N, h=1/N, and grid vectors
up = (ug, ..., uy).

The norm on the space of grid vectors is defined as

upll, = max |ugl.
lleen Il N Juag|

N

For a continuous function(z) € C[0, 1], we denote by, the projection onto the space of grid vectors,
Ry (x) = (x(to), ..., x(ty)).

3. Analytical results

Analytical properties of (1) have been studied in full detail in [8]. In this section, results crucial for the
subsequent analysis will be recapitulated for the reader’s convenience.

3.1. Linear problems with constant coefficient matrix

We begin the analysis with the discussion of the following linear problem with a constant coefficient
matrix M:

20 = gzm +F@), e 1] (3a)
Boz(0) = B, (3b)
zeCl0,1], (3c)

whereBg is anm x n-matrix andg € C", m < n.

Here, we only examine the case where the real parts of the eigenvaluésaoé nonpositive since
otherwise the problem (3) may not be uniquely solvable for any initial condition (3b). As an example,
consider the scalar problem

1
Z(1) = ;Z(t),

whose general solution ig7) = ct, ¢ € C. Clearly, any initial condition posed at= 0 fails to determine
¢, and consequently a unique solution of the above equation. For a complete discussion, see [8].
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First, we transform (3a) to a simpler form. Létbe the Jordan canonical form &f, J = E"*ME,
whereE is the matrix of the generalized eigenvectors\bf With v(r) := E~1z(¢) andg(¢) := E~1 £ (1)
we obtain the (almost uncoupled) system

, J
V(1) = —v(®) + 5. 4
To simplify matters, we assumee C"*" to consist of only one box,
A1l 0
J= k | r=o+inec (5)
0 A

Every solution of (4) has the form
w0 =20+ 00 [0 gmdr, (6)
1

wherec € C" is an arbitrary vector and
&) =t :=exp(JIn())
is the fundamental solution matrix which satisfies the following matrix initial value problem:
J

For the proof of (6), see [1].
It is easy to see that the fundamental solution matrix has the form

In(r)? In(r)"—1

1 In@) > SR — 1)2!
In()"~
0 1 [
) =1 e (n=2! [, (8)

o . 1 :
: ) In(z)
o ... 0 1

From the structure of this matrix, it is clear that the solutign) given by (6) is not continuous dm, 1],
in general. Nevertheless, suitably prescribed initial conditions yield a solut#@[0, 1]. The structure
of such initial conditions will be discussed in detail in Lemmas 2 and 3, where we treat thé case®
andx = 0, respectively.

The proofs of those lemmas heavily rely on the following result:

Lemma 1. In J from (5) assume eithes < 0 or A = 0. Then for

1
u(@):=t [ s~/ f(stds
/

2\We exclude the case of purely imaginary eigenvalue®of
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the following estimate holds

lu(t)| < constr|| flls, ¢ €l0,38].

Lemma 2. Let all eigenvalues a#/ have negative real parts. Then for evefye C?[0, 1], p > 0, there
exists a unique solutione C of (3a) This solution has the form

1
2(1) :t/s*Mf(st) ds, )
0
and satisfies (0) = 0. Moreover,z; € C?*[0, 1] and the following estimates hold
|z(1)| < constt| £, (10)
|2/(#)] < const|| ] (11)

Lemma 3. Let all eigenvalues o#f be zero. Denote bR the projection onto the eigenspaceMfand
by R then x r matrix consisting of the linearly independent columnsRolf m = r, ther x r matrix
BoR is nonsingular, andf € C?[0, 1], p > 0, then there exists a unique solutierof (3). This solution
has the form

1
z(H)=vy +Z/S’Mf(st)ds, (12)
0

wherez(0) = y = R(BoR) 18 € ker(M). Moreover,z € C?*1[0, 1] and the following estimates hold

|2(t)| < constr|| £ + | R(BoR) A, (13)
|z'(t)| < const| 1. (14)

Obviously, Lemmas 2 and 3 can be combined to obtain the result for a géfiekdk state this result
in the next theorem.

Theorem 4. Let ther x r matrix Boﬁ be nonsingular. Then for every € C”[0,1], p > 0, and any
vectorg e C’, there is a unique solutione C?*1[0, 1] of (3). This solution has the form

1
2(t) = R(BoR) ‘B +1 / sM f(st) ds. (15)
0

Furthermore,

|2(t)| < constr|| | + | R(BoR) A, (16)
|2/(t)| < const|| £ 7)
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3.2. Linear problems with variable coefficient matrix

We consider the linear problem
M(1)

()= — O+ f@. re©1 (18a)
Boz(0) = B, (18b)
M(0)z(0) =0, (18c)

whereM (r) has the form
M@)=M+1C@), CeClo1], (19)

which means that (18a) is equivalent to

(1) = gz(t) L C(Oz(t) + f(), te(O1]. (20)

Theorem 5. If BgR is nonsingular, then for every, Ce C?, p >0, there exists a unique solutian
of (18). This solution satisfies e C?*1[0, 1]. Moreover, the following estimates hold

|2(t)| < conste (|| £1ls + | R(BoR) B|) + | R(BoR) B, (21)
|2'(t)] < const(|| £ lIs + | R(BoR) “B]). (22)

3.3. Nonlinear problems

Finally, we investigate the nonlinear problem

7)) = MT(I)z(t) + f(t,z(t)), te(0,1], (23a)
Boz(0) = B, (23b)
M(0)z(0) =0, (23c)

where M (¢) is given by (19) andf (¢, z) is Lipschitz-continuous with respect toon a suitably chosen
domain. In the nonlinear case, we assume all quantities to be real.

Theorem 6. Assumef € C?([0,1] x R"), Ce C’[0,1], p >0, and let f(t, z) satisfy a Lipschitz-
condition with respect ta on [0, 1] x R". Moreover, let the matrixBoR be nonsingular. Then, there
exists a unique solutiop of (23), which satisfieg € C?[0, 1].

Proof. We first prove the result on the subintery@l §]. Then, standard arguments yield the extension
to the whole interval.

Clearly, solving (23) on[0, 8] is equivalent to finding a fixed point of the nonlinear operator
(KF,2)(t) := (KFz)(t) + y, or equivalently, solving the nonlinear integral equation

2(t) =(KF)(t) +y, tel0,4], (24)
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where
1
(KFz)(t) =t /s*M(c(st)z(st) + f(st,z(st))) ds
0

and
=~ syl

y = R(BOR) B.
Using the Lipschitz condition fof' we conclude from Lemma 1 that for a sufficiently sndathe operator
KF, is contracting with a constant < 1 on C|[0, §]. Consequently, there exists a unique solution
of (24) andz € C[0, §]. The smoothness result follows by substituting (24) into (23a).

We now estimate andz’. From
IKF,zlls — IKF,Olls < IKF,z — KF,0lls < Lllzlls

we obtain

1
< — =7
Iells < 7= (71 + D max|f(z.0)]) =7
Consequently, we can estimafeon the bounded domain given below:

U:=[0,81x {zeR" |z]<r}
with

Fs .= .

= max| f(t,2)]

Using this bound and Lemma 1 we finally have, far [0, 8],

|2(1)| < constt (Fy + |R(BoR) “B|) + |R(BoR) Bl (25)
|2/(t)| < const(Fs + | R(BoR) “B]). (26)
4. Convergence of the implicit Euler method
Define an operatoF : C[0, 1] — CJ[O0, 1],
1
")—=M@®)x(t) — f(t,x@®)), te(01
Flo) = x'(1) ; (Hx(@) — f(t,x(1)) €(0,1] ’ 27)

x(0) — o

and assume that the form and propertiesfaf), f (¢, z) and the initial value; is specified by Theorem 6.
We use the implicit Euler method to approximate the solutioi’ ¢f) = 0.
For a grid vector, define the operator

1 —x; M(¢
Xit1 — X _ ( l+l)xi+l — ftiz1, xiy1), = 0,...,N—-1
Fy(xp) := h li1 ' 2

X0 — &o
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Clearly, the approximation, for the solution ofF(z) = 0 solves the nonlinear schenig(z,) = 0.
Our aim is to show that the Euler method retains its classical convergence order, or equivalently, that the
global errore;, := R, (z) — z;, satisfies

lenlln =0OCh), h— 0.
The defining system faos;, reads
cir1—&  M(ti1)

- giy1—liv1, i=0,...,N—-1
h fi1 i+1 i+1 _o,

go—lo

wherel; = F,(R,(z)); — f(ti,z:) + f(t,z(8)), i =1,...,N, lo =0, and we prove the convergence
result by discussing consistency and stability of the associated discrete operators on a suitably chosel
interval [0, 8], 0 <& < 1.

4.1. Consistency

Lemma 7. Assume that the solutianof F(z) = 0 satisfiesz € C?[0, 1]. Then,
17 (Ru(@))[|, = Oh),  h— 0.

Proof. Using Taylor expansion, we obtain

Z(tig1) — 2(%)
h

1
| Fi (R (2)), 44| = —Z(tiy)| = h’ — / (1-1)7"(tiya — th) dr
0

h
<= max]yz”(e)y =0(h), i=0,...,N—1,

~X
2 0elti tiy1

and the result follows on noting tha, (R, (z))o=2z(0) — o =0. O
4.2. Stability

We first show the stability result for the linear problem with a constant coefficient matrix and then
generalize the statement for the linear case Witta) = M (0) + 8(t) and for the nonlinear case.

4.2.1. Constant coefficient matrix
Consider the problem

M
7(@) — TZ(I) — f@®, te(1]

z(0) — o
and the Euler scheme for its numerical solution,
Ziyi—2 M

FO(2) = =0, (29)

Ziv1— fiq1, i=0,...,N—-1
F;El)(Zh) = h ti—i—l * * =0’ (30)

20— 6o



0. Koch et al. / Applied Numerical Mathematics 34 (2000) 231-252 239

wheref; = f(;), i=1,..., N, andM is a constant x n matrix3. For the global error we have
civ1—& M

1=l i=0,.. N-1
I g LTI _o, (31)

g0 —lo

wherel, = F\P (R, (2)), lo=0.

Motivated by the technique used in the investigation of the analytical problem, we transform (30),
and consequently (31), using the Jordan decompositioM pf/ = E-*ME. With v, := E~%¢), :=
(E'eq, ..., E"tey) andg, := E~1I, the problem (31) reduces to

Vit1 — Vi J .
_ Viy1—giv1, 1=0,...,N—1
h figg O =0. (32)
Vo
Note that for a fixed this is a system of scalar equations relating the components; &t (v;.1, ..., Vi)
andv;, 1. Moreover, each equation is in one of the four following forms:
Vit1;j — Visj A .
—_— Vit1; — &i+1:j, 1=0,...,N—1
h fiva ! =0, (33)
vo; j
Vitkj — Visj 1()\,). L+ Vit 1) — gisss i=0,...,N—1
h fit i+1;) i+1 7+ i+l ’ ’ =0, (34)
UO;j
Vitl;j — Vi .
_gi 1/ l_oa sN_l
h A =0, (35)
vo; j
Vit+l;j — Vi 1 .
——— = —Viy1 41— &i+1j, 1=0,...,N—-1
h iy ’ —0. (36)
UO;j

Before estimating, in terms ofg, we need two technical results stated below.

Lemma 8. Letl =0 +ix € C witho =9 (A) > 0. For j > k > 1, define

1, k=j,

i (A) =14 J7L A\ ! ..
H(1+7> , 1<k<j, j=2,3,....
1=k

Then, there exist constanjs= (1) > 0 andC > 1 such that

k n
|ij(,\)|gc<7> CI<k<j j=12.... (37)

3 Again, all eigenvalues aff are assumed to have only nonpositive real parts.
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Proof. The estimate for,; follows from

H<l+k) H ’ rgy rk+ar
i\ . rGg+xir k)
|7 (1r0() e (a+ <%)>! (5)-
on noting that
I'z+1) =zI'(z), VzeC,
and taking into account the following asymptotic behavior of the funciiofef. [11]):

M a b
I'(s+b) <1+O< >> s — 00, N(s) > 0. O

lzi; (V)| =

The proof of the next lemma follows in a straightforward manner using an integral as a bound for the
sum.

Lemma. Leth >0,¢;:= jh, k> j>1andy € R, then

const|r, y #0,

k-1
hl < f (38)
Z : const Ir<t—k) y =0.
j

I=j

We now estimate the solutions of (33)—(36), see Lemmas 10-13, respectively. All proofs in these
lemmas are shown in a fairly similar manner. In order to avoid repetitions, we carry out only the second
in some detail. Motivated by the linear problem with a variable coefficient matrix and by the nonlinear
problem, we provide in each case an additional uniform bound for the solution on grids defined on the
subintervallO, §], § < 1.

Lemma 10. Consider the schen(&3). Its solutionvy, ; has the form
-1

ZH(l——) hg.; = Zz,,+l( Mhgi;, i=1,...,N, (39)

1=1 k=l =1
and satisfies the following estimate

lv;; ;| < constt; 12}%, lgr; (40)
<constd|gp:jlln, i=0,...,N. (41)

Lemma 11. Consider the schen{84). Then
-1

ZH(l__) hgi,; = ZZII+1( Mhgj, i=1...,N, (42)

=1 k=I =1
whereg;.; 1= tf Viij+1+8&ij, i =1,..., N.If v, ;41 can be bounded by
v;-i41| <const; max |gp-io1|, i=0,...,N,
| 1,]+l| X llgnglgk’]+l|
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then the following estimates hold
|vii;1 < constr; max max{[g; 1. [k j+1l

< constd max{|gn:jlln, lgn:j+alln}, i=0,...,N.

Proof. The representation (42) can be derived using the representation

o\t _
) (viyj +hgita))

Vit1;j = (1 -

and induction. The estimates follow from

i ’7
|vi;j| <C0nst<z l‘—htl |vl ]+l|+zt h|gl]|>

111+1 =1 "i+1

liv1

1

< const ht! max ht) max

< ( ) ! max [gjaal + =S 181
z+11 1 Sk l+1l 1

<const; max max{|gr il | g i . O

X llgng {lgk,]| |gk,]+l|}

Lemma 12. Consider the schen(85). Its solutionv, ; has the form

i
Ui;j:Zhgl;j’ i:l,...,N,

and satisfies the following estimate
v;. ;| <constr; max |gx.;
| l,]l\ ll<k<N|gk'j|

<constd|gn:jlln, i=0,...,N.
Lemma 13. Consider the schen(&6). Its solutionv, ; reads
:ihg,;j, i=0,...,N-1,
whereg;. ==t v 11+ g, i=1,...,N.If
[vi; ;1] < consty; lmax lgk:j+1l, i=0,..., N,

then
lv;. ;| < consty; nax max{|g. |, |18k j+1!}

< consts max{|lgn: jlln, llgn; j+alla}, i=0,...,N.

241

(43)
(44)

(45)

(46)
(47)

(48)

(49)
(50)
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The convergence result for the implicit Euler method applied to solve (29) is a simple consequence of
the results of Lemmas 7 and 10-13.

Theorem 14. Consider the schen{80)with the linear operatorﬂfl). For everyf € C and every starting
value(g this schemeF;fl) (zn) = 0, has a unique solutiog,,. If the solutionz of the underlying analytical
problemF® (z) = 0, cf. (29), satisfiess € C2[0, 1], then the global error of the solution ¢30) satisfies

lenlln =0O), h—0.

4.2.2. Variable coefficient matrix
Now we consider the linear problem with variable coefficient matrix of the form (19),

0 =My — ez - o). e 1]
FO@)=|° L c ¢ ’ " =o (51)

z(0) — %o
The associated discrete operator equation reads

Ziyi—zi M0 ° .
- Ziy1— C(tix)ziya — fiyr, 1=0,...,N—-1
F2(z) = h fior A —0. (52)

z0 — %o

We first have to show that (52) has a unique solutiprDefinex, = G, (y,) as the solution of

xita—xi  M(O) ° .
— i+1 — t; i+1 — Ji+1s =0,....N -1
h lit1 Tt = Clislyirs = firts =0. (53)

X0 — %o

Then the solution of (52) is equivalent to finding a fixed point®f. We use the Banach Fixed Point
Theorem to show the existence of such a fixed point. We first notethatG,, (x,) — G, (y,) solves

it1—v MO .
Vit1 v — ()Ui+l—li+]_, l:O,...,N—l
h tiy1 =0, (54)

Vo

wherel; = ((i’(t,-)(x,- —vy;), i=1,..., N. Using estimates derived in the previous section we obtain
|v;| < constr; 1@%1“"' < consts lg}g](vm Yl, i=0,...,N,
and this implies that on the intervgd, §] with a sufficiently smal, G,, is a contraction on the space of

grid vectorsu;, with ug = ¢o. Thus, (52) has a unique solution @) é].
To prove stability, we note that the global erggrsatisfies the equation

& — & MO o .
= _ M )8i+1 —C(tiyDeipr —liyz, i=0,...,N—-1
h it _o, (55)

g0 —lo

wherel;, = F,fz)(R,1 (z)), lop = 0. The existence of a unique solutiep of (55) follows by the argument
used for (52). Denote b§; < 1 the Lipschitz-constant of the operatG@y,. Then
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lenlln — |G|, =Guen) |, — [|Gr (D], <||Gnlen) — Gr(0)]|, < Lllenlln

1
< ——1GL(O) |-
= llenlln 1—L” n(O)ln
Also, w;, = G, (0) is the solution of
ii—w;, MO
D Z W ()wi+l_li+1a i=0..,N-1
h ti+1 :O, (56)

wo
and satisfies
lwrlln < consts || ||
Consequently,
llenlln < consts|Z |,

on a grid defined of0, §]. This together with consistency yields the convergence result formulated in the
next theorem.

Theorem 15. Consider the schem®2) with the operatorF,fz). For every f, 6’ € C and every starting
value ¢o there exists a unique solutiay of (52). If the solutionz of the analytical problen{52) is in
C?[0, 1], then the global error satisfies

lenlln =0OC), h—0.

Proof. Clearly, the statement holds for grids defined on the intef®al] by means of the previous
considerations. Since 0ofs, 1] the problem is regular, classical theory can be applied to extend the
result. O

4.2.3. Nonlinear problems
Finally, we consider the nonlinear problem

M (0) o
"(t) — t)—C@)z@) — f(t,z(t)), te(01
Fz) = Z(1) ; z(1) (Dz(r) — f(1,2(r)) (0, 1] _o. (57)
z(0) — %o
The associated numerical schem&’j$z;,) = 0, where
Ziyi—zi MO ° .
- i1 — C(tiv1)ziva — f (tit1, Zig)s =0,...,.N -1
Fy(z) = n fn Zit1 — Ctiy1)ziv1 — f iy, 2iv1), @ ‘ (58)
20— %o
We assume thaf (¢, z) has a continuous and bounded Fréchet-derivative (denotdd, pyr, z)) with
respect tar on [0, 1] x R”". To show the unique solvability df}, (z;,) = 0 on a suitable intervdD, §], we
define a mapping;, = G, (y;,) as the solution of

Xiz1—x; M) o .
s L — Xiy1 — Ctiz)yigr — f(tiz1, yiy1), i=0,...,N-1
h liv1 =0.

X0 — %o




244 O. Koch et al. / Applied Numerical Mathematics 34 (2000) 231-252

We now use the representation

1
[, x) — f(ti, ) = /sz(fi’ yi +T(x; — ) dr(x; — yi) = Di(xi — ;)
0

to show thatG), is a contraction on the space of grid vectors[0nS], provided thats is sufficiently
small.
The global errorg,, satisfies
giy1—¢&  M(O)

— giv1— (C(tiz1) + Diya)eiva —liya, i=0,...,N—-1
h lit1 =0,

€0

wherel, = F,(R;,(2)). We now view the operator, = G, (y,) as the solution of the system

Xiz1—x; M) o .
S S Xiy1— (C(tiy1) + Dij1) yigr —liya, i=0,...,N—1
h liv1 =0,

X0
and conclude
lenlln — |Gr (0|, < ||Gilen) — Gr(0)]|, < Lllenlln
1
= llenlln < ﬁ”Gh(o)Hh =0(h), h—0.

The convergence result required for the inteffdall] follows by the classical theory.

Theorem 16. Consider the systen58) with the nonlinear operatorF;,(z,). For every f(t,z) €

C([0, 1] x R™) which has a bounded Fréchet-derivative with respect tmn [0, 1] x R”, C e C and
every starting valuey, F,(z,) = 0 has a unique solutiop,,. If the solutionz of the underlying analytical
problem(57) satisfiess € C2[0, 1], then the global error of the approximate solution satisfies

lenlln =OCh), h— 0.

5. Asymptotic error expansions

An asymptotic expansion for the global error of the approximation to the solution of (23) obtained
by the implicit Euler rule is a crucial tool used in the proof of the convergence results for the Iterated
Defect Correction Method (IDeC), see Section 6. This convergence result is still “work in progress” and
therefore we restrict our attention here to the special case of an expansion of order five which on one hanc
is sufficient to explain the experimental results for the IDeC procedure presented in the next section, and
on the other hand makes it intuitively clear that under suitable assumptions on the problem data the length
of the expansion can be extended to an arbitrary order.

Let v, be a solution ofF}, (v,) =0,

1 — U M (t;
Vig1 — V; _ (fi+1) Vigr — f(tiv1, Vig1), i= 0,...N—1
Fy(vy) = h it ' 7

vo — o
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For the global error of,, on the gridA, we make an ansatz of the form

5
vi—z(t) =) hejt)+ri, i=0,....N,
j=1

wheree;(t) are appropriately smooth functions, andis the remainder term. More precisely, we have
to prove that such smooth functions exist and the remainder term shows the proper asymptotic quality,

Irulln = O(R®), h— 0.
Let v(¢) be a smooth interpolant of the valugs then we can rewrite the ansatz and obtain
5
v()=z()+ > hiej(t)+r@), te[01] (60)
j=1

Let us assumgf, C e €90, 1], cf. (23), then it follows from Theorem 6 thate C’[0, 1]. We first
evaluate (60) at; and ., and substitute into (59). Local Taylor expansionzat for all involved
functions and equating coefficients of equal power4 gfield the following variational equations for
e;, j=1,...,5:

1
er(t) — ;M(t)el(t) =Dy f (t,z(t))er(t) + 32"(t), te€(0,1],
e1(0) =0,

1
ey(t) — ;M(r)ezm =Dy f (t,z(t))ex(t) + 3D5 f (¢, 2(1))ef(t) + 3e1(t) — 52® (1), 1€ (0,1],
e2(0) =

1
e3(t) — TM(Des()
= sz(f 2(1))e3(t) + D5 £ (¢, z2(t))ex(t)ex(t) + D3 f (1, 2(1)) e (1) + 3e5(2)
L) + 2P0, 1e(0,1],
e3(0) =
, 1
eh(1) = T M(D)ea(r)
= Daf (t.2(1)eatt) + D3 [ (1, z(t))(elmes(r) +3¢5(0) + 3D3 f (. 2(D)) e (Dea(t)
+ 24sz (1, 2(0) el (1) + 3e5(1) — g’ (1) + 214e§4>(z) 200, 1e(0,1],
e4(0) =
, 1
eg(t) — ;M(t)es(t)
= Daf (1,2(1))es(t) + D5 f (1, 2(1)) (ex(D)ea(t) + e2(1)es(r))
FAD31 (1, 2(0)) (X()ea(t) + ex()ed(1)) + 1DAf (1, zm)ei(z)ezm
+ mD?f (1. 2(0)e3(0) + 24 (1) — £ (1) + 2es” (1) — 1367 () + 722 © (1), 10,1,
es5(0) =
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Here, D5 f (¢, z) denotes théth Fréchet-derivative of (¢, z) with respect to the second argumer{for

example,D2f (¢, z)y? is the bilinear mapping defined by the second derivativg wiith vectory as both

its arguments). Far € C’, Theorem 6 implies the existence of unique solutiens =/, j=1,...,5.
For the analysis of the remainder terpwe define a function

j=1

1 5
g, ry) 3=/D2f (fi,Z(li) +> hlej(n) + T”i) dr -ri,
0

which satisfiesg(¢,0) = O for all z. Moreover, we assume thgtz, r) has a continuous and bounded
Fréchet-derivative with respect to
The remainder, solves the difference scheme

r. 1 — r.
% ti+lM(ti+l)ri+l —g(tiv1, riv1) — liya o 61)

ro

withi =0,..., N —1, where, = O(h®) if f € C®. Let us define an operatsj = G,(y;) as the solution
of

Yip—& 1 M(0) C(tis1) (t ) —1

B — Xit1 — CUi1) Yivr — 8it1, Yivr) — ki
7 fi +1 +1)Yi+1 — 8Uit1, Vit1 +1 _o, (62)

X0

wherei =0,..., N — 1.
It follows from Theorem 16 tha@ ), is a contraction on the space of grid vectors: (0, uq, ..., uy)
on [0, 8] with a constant. < 1, provided thas is sufficiently small. Also,

1
nlln S 7—||Gn , an h h S hlilh-
lralln < 1—LHG || d ||Gx(0)]|, < const|l|

Thus,
lrlln =O(h®), h—0,

and the result follows. Obviously, if andC are sufficiently smooth, expansion (60) can be extended to
an arbitrary order.

6. Iterated Defect Correction (IDeC)

An effective technique for the numerical solution of ODEs is the Iterated Defect Correction method,
originally proposed as a method for the estimation of the global error of Runge—Kutta methods. Here, we
are interested in the performance of the IDeC procedure, based on the implicit Euler method. The idea
of the IDeC method is to obtain a basic solution (in our case by the implicit Euler scheme) and gradually
improve its accuracy in the course of a specially designed iteration. The existence and the structure of the
asymptotic error expansion for the basic solution, see Section 5, suggests that in each step of the iteratiol
the convergence order can be improved by XQuntil a certain convergence order(A¥"=) is reached.

The powermnmax depends on the length of the asymptotic error expansion for the basic solution and on
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technical details of the IDeC procedure which we will specify later. The aim of this section is to verify
this convergence behavior experimentally.

6.1. The IDeC method

The IDeC procedure based on Zadunaisky's idea, see [15], has been successfully applied to
solve classical second order boundary value probfearsl its performance in this context has been
theoretically investigated in [2—4]. These results do not carry over to the case of singular problems
directly, however. Therefore we chose an experimental approach to collect evidence for the justification to
use IDeC for singular problems and to create a basis for a theoretical proof of the convergence properties
to follow.

We now briefly discuss some important features of this acceleration technique. We consider initial
value problems of the form

J)=F(t.2(1), te(0,1], (63a)
2(0) = B. (63b)

We assume that we know the approximate solut'zﬁ?%,:z z,, Obtained by the implicit Euler rule, and
denote byp©(r) the polynomial of degred interpolating the values af.?,

Q1) =72 i=0,...,N.

i

Using this polynomial we construct a neighboring problem associated with (63) and solyé¥ by,

7O =F(t,z() +d@), te(0,1], (64a)
2(00=p @) =8, (64b)
where

dO@) = (p ) @t) - F(r, pQ0)).

We now solve (64) by the same numerical method (implicit Euler rule) and obtain an approximate
solution p,” for p©(r). This means that for the solution of the neighboring problem (64) we know

the global error which we can use to estimate the unknown error of the original problem (63),
en=Ry(2)— 2z~ 8 = Ry(p®) — py’ =2, — pi. (65)

Zadunaisky gave the following heuristic argument for his method to work: If the valuese good
approximations for the values of the soluti®)(z) at the grid points, then the polynomial® (¢) is a

good approximation for the solutian(z) itself. Consequently, the defeét? (r) is small and hence the
neighboring problem (64) and the original problem (63) are closely related. This implies that the global
error of the solution of (64) is closely related to the global error of the solution of (63), and therefore the
estimate (65) shall provide some dependable information about its size.

4 Unfortunately, it fails to show its advantageous behavior when it is applied to solve singular boundary value problems,
see [5].
5n case of singular problems, we may think®fz, z(r)) being the right-hand side of (1a).
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Having the estimate for the global error of the solut@ﬂ we are able to improve this solution by
setting

1 0, £© _ _(© 0
3 =)+ 80 =z + (Ru(p©) — p).

We use these values to define a new interpolating polynopitar) by requiring p™® (1;) = z}l), i =
0,..., N, and the associated defect

dV@) = (p®) 1) = F (1, pP ().
Clearly, the next neighboring problem reads

W) =F(t,z2(t) +dP), te(0,1], (66a)
z(0) =8, (66b)

and we solve it by the Euler method to obtain the approximapiﬁhwhich is used to correct the basic
solution again,

2 0, @ _ _© 1
2 =z + 8, =z + (Ru(p™) — pit).

Clearly, the procedure can be continued in the above manner.

For obvious reasons one does not use one interpolating polynomial for the whole interval in practice.
Instead, a piecewise polynomial function, composed of polynomials of (moderate) degsedefined
to specify the neighboring problem. Due to classical theory, seenfldx = m holds provided that the
remainder term is at least(@"+'), which means that in general the choicerofdetermines the final
level of accuracy reached during the iteration.

6.2. Experimental results

In this section we present experimental results illustrating the performance of the IDeC method
when applied to solve singular problems. Two examples have been chosen to show the typical behavior
observed for all models.

In the tables we denote by, k =1,...,5, the (exact) global error of the solutiaff’ obtained in
the kth step of the iteration and byzo) the error of the basic solution. Also, convergence orders and error
constants are listed. The theory suggests that for a sufficiently griad relation||s\" ||, ~ ch” holds,
wherec is a constant independent bf We use this relation to compute the order of converggrite
and the error constaat® by comparing the errors on two subsequent grids.

In all experiments polynomial degree= 5 was used and hence we expect to see the following order
sequence:

€], = [ Ru — %], = 0. k=0.....4

All experiments have been carried out in double precision, relative machine accuraéydidg an Intel
Pentium processor.

Example 1. We consider the problem, see [14],
2 2
V(1) = —;y/(t) —n%cognt) — —n sin(nt), e (0, 1],

y(0) =2, ¥'(0) =0,
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with n = 3 and exact solution(r) = 1+ cognt).

Table 1
Convergence of the IDeC method; Example 1
h les Xl p© c© lesn - p® e
8.5 0970 —4.0-10"01 5.0 1924 -1.1.10%01
271 4.3 0982 —4.1.10"%% 1.3-10°% 1985 —1.2.10t01

272 21-109% 0990 —4.2.10"% 33.-1091 1995 -1.3.10"%%
273 1.1-10°1 0995 -4.3.10M01 83.10°% 1997 -13.10"%
24 55.10°1 0997 -4.3.10M01 20.109 1999 -13.10M01
27-10792 0998 —4.4.10% 52.-109 1999 -1.3.10™%
276 1.3.-10°92 0999 —4.4.10t01 1.3-10% 1999 -1.3.10%01
277 6.9.-10° 0999 -4.4.10M01 32.10%% 1999 -13.10t%
278 34.10° 0999 -4.4.10M01 81.-10% 1999 -13.10"%
279 1.7-10°% 0999 —4.4.10t01 20-109 1999 -1.3.10™%
h les?ln p@ @ le 2l p® c®
1.0.10°90 3275 -1.9.10t01 1.1-10°Y 4526 -1.7-10%02
271 1.0-1092 2792 -6.4.10M01 50.10%% 4053 -57.10"%?
27?2 15.109 2916 -9.3.10M01 30.-10% 3988 —4.7.10"%?
273 19.10% 2959 -1.0-10%01 1.9-10% 3986 —4.6-10102
25.10% 2979 —-1.2.10"% 1.2.10°% 3991 —4.7.10%02
275 32.10% 2989 -12.10M01 7.6-1097 3995 —4.8.1010?
.27 40-10% 2994 -13.10"% 47-10%% 3997 —4.9.10"%?
27 51-1097 2997 -1.3.10™% 29.10710 3982 —4.4.10M?
h legln p@ c legln p® c®
1.5.1092 3993 -96-10M01 1.5.10792 3987 -95.10M01
21 9.7.10% 5105 -12.101% 9.8.10% 5104 -12.101%?
272 28.10% 5058 -1.0.107% 28-10% 5079 -1.1.107%
273 85.10°9 5024 —95.107? 84-109 5044 -1.0.10"92
24 26-10% 5012 -9.0.101% 25.10% 5023 -92.1010?
275 81.10%° 5007 -88.10M%? 7.8.10%° 5018 -9.0.107%?

gl gl gl gl gl gl gl gl gl Ol
N
[&)]

gl gl gl gl gl gl gl gl
N
N

Qi gl gl gl gl gl

We use the linear transformatiasiz) := (y(z), ty'(¢))" to transform the second order system to the
equivalent first order form and obtain
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Table 2
Convergence of the IDeC method; Example 2
0 1
h eyl p© c© ley"ln p® c®

24.10° 0834 -92.10% 7710 1835 -14.10%
27t 13.10% 0921 -11-10% 21-1009 1918 —-1.7.-10*%
272 7.1-1092 0960 -1.2.107% 57-1009 1959 —20.10%
273 36-10° 0980 -13.10% 1.4.10°% 1979 -21.10%
24 1.8-109 0990 -1.4.1001 37-10%% 1989 -22.10%
93.10% 0995 -14.10% 9.4.10% 1994 -23.10%
276 47-109 0997 -14.107% 23.109 1997 —-23.10%
27 23-10%4 0998 -14.10% 59.10°9 1998 —24.10%
278 1.1-10% 0999 -15.1001 1.4-10°97 1999 -24.10%
270 58.10°% 0999 -15.10% 37-10°7 1999 -24.10°%
h le?ln - p@ @ Il p® c®

1.6-109 2924 -18.1001 95.10% 3330 -20.10%
271 21.10% 2918 -17.10% 95.10% 3525 -3.1.10M
272 28-10% 2731 -10.10% 82.-10% 3770 -6.6-10"%
43.10% 2868 -16-10"% 6.0-10°96 3889 —-1.0.10"%
274 59.10% 2934 -22.10°% 40-10% 3946 —1.3.10"%°
275 7.7-10%7 2967 -26-10% 26-10%° 3973 -15.10t
276 98.10% 2983 -29.10% 1.6-10719 3974 -15.10t%

gl gl gl gl gl gl gl gl gl gl
N
(4]

gl gl gl gl gl gl gl
N
w

h il P @ le s p® c®
z 81-10°% 4954 -23.10"°  54.107% 5558 —4.1.10"0
.27l 26-10% 5079 -31-101°  11.10% 4921 -95.10t%
.22 77.10% 5095 -33-10  37.10°% 5141 -18.10t%
t.2%  22.10% 5084 -31-101  1.0.10% 5102 -16-10t%
t.2%  66-10%° 4995 -21.-101°  31.101° 5080 -1.4.10t%
1/0 1 0
! et
z0 = t (0 —1> 20+ (—tnzcos(nt) —2nsin(nt)>’ (673)
2
z(0) = (0) , (67b)

whose exact solution is(r) = (1 + cognt), —ntsin(nt))". The results for this model can be found in
Table 1. As expected, we observe the classical order sequetiog,@h?), O(h), O(h*) and Qh®).
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Example 2. Finally, we study the nonlinear “Emden-Differential Equation”, cf. [12],
! 2 /
Y ==2y'(0) =)@, 1€ 1],
y(0) =1, y'(0) =0,
with y(r) = 1/1/1+ t2/3, or equivalently,

o 170 1 0
Z(t)—;(o _1>z(t)—t(zg(t)), te€(0,1], (68a)
20 =(5): (68b)
with
_
Vv1+12/3
z(t) = 2
3123

The numerical results for this problem are listed in Table 2 and we can see that the IDeC iteration again
shows its classical convergence behavior.
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