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Abstract

The solvability of a certain class of singular nonlinear initial value problems is discussed. Particular attention is
paid to the structure of initial conditions necessary for a bounded solution to exist. The implicit Euler rule applied
to approximate the solution of the singular system is shown to be stable and to retain its classical convergence
order. Moreover, the asymptotic error expansion for the global error of the above approximation is proven to have
the classical structure. Finally, experimental results showing the feasibility of the approximation obtained by the
Euler method to serve as a basic method for the acceleration technique known as the Iterated Defect Correction are
presented. 2000 IMACS. Published by Elsevier Science B.V. All rights reserved.
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uniqueness theory; Stability and convergence of the implicit Euler method; Asymptotic error expansion for the
global error of the Euler solution; Iterated Defect Correction for singular initial value problems

1. Introduction

Mathematical models of numerous applications from physics, chemistry and mechanics (e.g., Thomas–
Fermi differential equation, Ginzburg–Landau equation, singular Sturm–Liouville eigenvalue problems,
Emden–Fowler equations, problems in shell buckling) take the form of systems of time-dependent partial
differential equations subject to initial/boundary conditions. For the investigation of stationary solutions
many of these models can be reduced to singular systems of ordinary differential equations, especially
when—due to symmetries in the geometry of the problem and in the problem data—polar, cylindrical or
spherical coordinates can be used.

Here we investigate initial value problems of the form

z′(t)= M(t)
t
z(t)+ f (t, z(t)), t ∈ (0,1], (1a)
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B0z(0)= β, (1b)

z ∈C[0,1], (1c)

wherez andf are vector-valued functions of dimensionn,M is a smoothn× n matrix,B0 is anm× n
matrix andβ is a vector of dimensionm6 n.

We first establish the existence and uniqueness theory for (1). Especially, we describe the structure
of (most general) linear initial conditions necessary and sufficient for a solution of (1) to exist. We also
examine the smoothness properties ofz and show that they depend not only on the smoothness ofM and
f but also on the eigenvalue structure ofM(0). Finally, we estimatez neart = 0 in order to show the
local behavior ofz close to the singularity.

Next, we study convergence of the implicit Euler rule applied on an equidistant grid with the step
sizeh to find an approximation for the solution of (1). It turns out that standard techniques based on local
stability and consistency concepts fail, and therefore we prove that the Euler method converges of order
O(h) (as in the classical case) by explicitly inverting the associated discrete operators.

For the numerical solution obtained by the Euler method,vi ≈ z(ti), i = 0, . . . ,N , we derive an
asymptotic error expansion of the following form:

vi = z(ti)+
5∑
j=1

hjej (ti)+ ri, i = 0, . . . ,N, (2)

whereej ∈C[0,1] are smooth functions andri =O(h6). The smoothness properties off andM from (1)
which are sufficient for such an expansion to hold are given and it is shown that (2) will have an arbitrary
length provided problem data is appropriately smooth.

The motivation for the analysis presented here is that in general, standard one step methods do not
retain their classical order of convergence when they are applied to solve singular problems, see [7] for
the behavior of Runge–Kutta methods1. Therefore, it can be more efficient to use a low order method first
to obtain a basic approximation and then improve it by one of the well-known acceleration techniques
(e.g., Iterated Defect Correction). An asymptotic error expansion for the basic approximation, cf. (2),
will certainly be a crucial tool in the theoretical proof of the performance of such a procedure, see [2–4].

2. Preliminaries

Throughout the paper, the following notation is used. We denote byCn the space of complex-valued
vectors of dimensionn and use| · | to denote the maximum norm inCn,
|x| = ∣∣(x1, x2, . . . , xn)

T∣∣= max
16i6n

|xi |.
Cpn [0,1] is the space of complex vector-valued functions which arep times continuously differentiable
on [0,1]. For every functiony ∈C0

n[0,1] we define the maximum norm,

‖y‖ = max
06t61

∣∣y(t)∣∣.
We will also use the maximum norm restricted to the interval[0, δ], δ > 0,

‖y‖δ = max
06t6δ

∣∣y(t)∣∣.
1 Runge–Kutta methods of higher order may show an order reduction down to O(h2).
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C
p
n×n[0,1] is the space of complex-valuedn × n matrices with columns inCpn [0,1]. For a matrix
A= (aij )ni,j=1, A ∈C0

n×n[0,1], ‖A‖ is the induced norm,

‖A‖ = max
06t61

∣∣A(t)∣∣= max
06t61

(
max

16i6n

n∑
j=1

∣∣aij (t)∣∣
)
.

Where there is no confusion we will delete the subscriptsn andn× n and callC = C[0,1] = C0[0,1].
For a mappingf ,R(f ) denotes the range off .

For the numerical analysis, we define equidistant grids of the form

∆h = (t0, t1, . . . , tN),
whereti = ih, i = 0, . . . ,N , h= 1/N , and grid vectors

uh = (u0, . . . , uN).

The norm on the space of grid vectors is defined as

‖uh‖h = max
06k6N

|uk|.
For a continuous functionx(t) ∈C[0,1], we denote byRh the projection onto the space of grid vectors,

Rh(x)= (x(t0), . . . , x(tN )).
3. Analytical results

Analytical properties of (1) have been studied in full detail in [8]. In this section, results crucial for the
subsequent analysis will be recapitulated for the reader’s convenience.

3.1. Linear problems with constant coefficient matrix

We begin the analysis with the discussion of the following linear problem with a constant coefficient
matrixM :

z′(t)= M
t
z(t)+ f (t), t ∈ (0,1], (3a)

B0z(0)= β, (3b)

z ∈C[0,1], (3c)

whereB0 is anm× n-matrix andβ ∈Cm, m6 n.
Here, we only examine the case where the real parts of the eigenvalues ofM are nonpositive since

otherwise the problem (3) may not be uniquely solvable for any initial condition (3b). As an example,
consider the scalar problem

z′(t)= 1

t
z(t),

whose general solution isz(t)= ct, c ∈C. Clearly, any initial condition posed att = 0 fails to determine
c, and consequently a unique solution of the above equation. For a complete discussion, see [8].
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First, we transform (3a) to a simpler form. LetJ be the Jordan canonical form ofM , J = E−1ME,
whereE is the matrix of the generalized eigenvectors ofM . With v(t) :=E−1z(t) andg(t) :=E−1f (t)

we obtain the (almost uncoupled) system

v′(t)= J
t
v(t)+ g(t). (4)

To simplify matters, we assumeJ ∈Cn×n to consist of only one box,

J =


λ 1 0

. . .
. . .

λ 1
0 λ

 , λ= σ + iρ ∈C. (5)

Every solution of (4) has the form

v(t)=Φ(t)c+Φ(t)
t∫

1

Φ−1(τ )g(τ)dτ, (6)

wherec ∈Cn is an arbitrary vector and

Φ(t)= tJ := exp
(
J ln(t)

)
is the fundamental solution matrix which satisfies the following matrix initial value problem:

Φ ′(t)= J
t
Φ(t), Φ(1)= I, t ∈ (0,1]. (7)

For the proof of (6), see [1].
It is easy to see that the fundamental solution matrix has the form

tJ = tλ



1 ln(t)
ln(t)2

2
. . .

ln(t)n−1

(n− 1)!
0 1 ln(t) . . .

ln(t)n−2

(n− 2)!
0

. . . 1
. . .

...
...

. . .
. . . ln(t)

0 . . . . . . 0 1


. (8)

From the structure of this matrix, it is clear that the solutionv(t) given by (6) is not continuous on[0,1],
in general. Nevertheless, suitably prescribed initial conditions yield a solutionv ∈C[0,1]. The structure
of such initial conditions will be discussed in detail in Lemmas 2 and 3, where we treat the cases2 σ < 0
andλ= 0, respectively.

The proofs of those lemmas heavily rely on the following result:

Lemma 1. In J from (5) assume eitherσ < 0 or λ= 0. Then for

u(t) := t
1∫

0

s−J f (st)ds

2 We exclude the case of purely imaginary eigenvalues ofM .
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the following estimate holds:∣∣u(t)∣∣6 constt‖f ‖δ, t ∈ [0, δ].

Lemma 2. Let all eigenvalues ofM have negative real parts. Then for everyf ∈Cp[0,1], p> 0, there
exists a unique solutionz ∈C of (3a). This solution has the form

z(t)= t
1∫

0

s−Mf (st)ds, (9)

and satisfiesz(0)= 0. Moreover,z ∈ Cp+1[0,1] and the following estimates hold:∣∣z(t)∣∣6 constt‖f ‖, (10)∣∣z′(t)∣∣6 const‖f ‖. (11)

Lemma 3. Let all eigenvalues ofM be zero. Denote byR the projection onto the eigenspace ofM and
by R̃ then× r matrix consisting of the linearly independent columns ofR. If m = r , the r × r matrix
B0R̃ is nonsingular, andf ∈ Cp[0,1], p > 0, then there exists a unique solutionz of (3). This solution
has the form

z(t)= γ + t
1∫

0

s−Mf (st)ds, (12)

wherez(0)= γ = R̃(B0R̃)
−1β ∈ ker(M). Moreover,z ∈Cp+1[0,1] and the following estimates hold:∣∣z(t)∣∣6 constt‖f ‖ + ∣∣R̃(B0R̃

)−1
β
∣∣, (13)∣∣z′(t)∣∣6 const‖f ‖. (14)

Obviously, Lemmas 2 and 3 can be combined to obtain the result for a generalM . We state this result
in the next theorem.

Theorem 4. Let ther × r matrix B0R̃ be nonsingular. Then for everyf ∈ Cp[0,1], p > 0, and any
vectorβ ∈Cr , there is a unique solutionz ∈ Cp+1[0,1] of (3). This solution has the form

z(t)= R̃(B0R̃
)−1
β + t

1∫
0

s−Mf (st)ds. (15)

Furthermore,∣∣z(t)∣∣6 constt‖f ‖ + ∣∣R̃(B0R̃
)−1
β
∣∣, (16)∣∣z′(t)∣∣6 const‖f ‖. (17)
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3.2. Linear problems with variable coefficient matrix

We consider the linear problem

z′(t)= M(t)
t
z(t)+ f (t), t ∈ (0,1], (18a)

B0z(0)= β, (18b)

M(0)z(0)= 0, (18c)

whereM(t) has the form

M(t)=M + t ◦C(t), ◦
C ∈C[0,1], (19)

which means that (18a) is equivalent to

z′(t)= M
t
z(t)+ ◦C(t)z(t)+ f (t), t ∈ (0,1]. (20)

Theorem 5. If B0R̃ is nonsingular, then for everyf ,
◦
C ∈ Cp, p > 0, there exists a unique solutionz

of (18). This solution satisfiesz ∈Cp+1[0,1]. Moreover, the following estimates hold:∣∣z(t)∣∣6 constt
(‖f ‖δ + ∣∣R̃(B0R̃

)−1
β
∣∣)+ ∣∣R̃(B0R̃

)−1
β
∣∣, (21)∣∣z′(t)∣∣6 const

(‖f ‖δ + ∣∣R̃(B0R̃
)−1
β
∣∣). (22)

3.3. Nonlinear problems

Finally, we investigate the nonlinear problem

z′(t)= M(t)
t
z(t)+ f (t, z(t)), t ∈ (0,1], (23a)

B0z(0)= β, (23b)

M(0)z(0)= 0, (23c)

whereM(t) is given by (19) andf (t, z) is Lipschitz-continuous with respect toz on a suitably chosen
domain. In the nonlinear case, we assume all quantities to be real.

Theorem 6. Assumef ∈ Cp([0,1] × Rn), ◦C ∈ Cp[0,1], p > 0, and let f (t, z) satisfy a Lipschitz-
condition with respect toz on [0,1] × Rn. Moreover, let the matrixB0R̃ be nonsingular. Then, there
exists a unique solutionz of (23), which satisfiesz ∈ Cp+1[0,1].

Proof. We first prove the result on the subinterval[0, δ]. Then, standard arguments yield the extension
to the whole interval.

Clearly, solving (23) on[0, δ] is equivalent to finding a fixed point of the nonlinear operator
(KFγ z)(t) := (KFz)(t)+ γ , or equivalently, solving the nonlinear integral equation

z(t)= (KFz)(t)+ γ, t ∈ [0, δ], (24)
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where

(KFz)(t)= t
1∫

0

s−M
( ◦
C(st)z(st)+ f (st, z(st)

))
ds

and

γ = R̃(B0R̃
)−1
β.

Using the Lipschitz condition forf we conclude from Lemma 1 that for a sufficiently smallδ the operator
KFγ is contracting with a constantL < 1 on C[0, δ]. Consequently, there exists a unique solutionz
of (24) andz ∈C[0, δ]. The smoothness result follows by substituting (24) into (23a).2

We now estimatez andz′. From

‖KFγ z‖δ −‖KFγ 0‖δ 6 ‖KFγ z−KFγ 0‖δ 6L‖z‖δ
we obtain

‖z‖δ 6 1

1−L
(
|γ | +D max

τ∈[0,δ]
∣∣f (τ,0)∣∣)=: r.

Consequently, we can estimatef on the bounded domain given below:

U := [0, δ] × {z ∈ Rn: |z|6 r}
with

Fδ := max
(t,z)∈U

∣∣f (t, z)∣∣.
Using this bound and Lemma 1 we finally have, fort ∈ [0, δ],∣∣z(t)∣∣6 constt

(
Fδ +

∣∣R̃(B0R̃
)−1
β
∣∣)+ ∣∣R̃(B0R̃

)−1
β
∣∣, (25)∣∣z′(t)∣∣6 const

(
Fδ +

∣∣R̃(B0R̃
)−1
β
∣∣). (26)

4. Convergence of the implicit Euler method

Define an operatorF :C1[0,1] → C[0,1],

F(x) :=
 x′(t)− 1

t
M(t)x(t)− f (t, x(t)), t ∈ (0,1]

x(0)− ζ0

 , (27)

and assume that the form and properties ofM(t), f (t, z) and the initial valueζ0 is specified by Theorem 6.
We use the implicit Euler method to approximate the solution ofF(z)= 0.

For a grid vectorxh define the operator

Fh(xh) :=
 xi+1− xi

h
− M(ti+1)

ti+1
xi+1− f (ti+1, xi+1), i = 0, . . . ,N − 1

x0− ζ0

 . (28)
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Clearly, the approximationzh for the solution ofF(z)= 0 solves the nonlinear schemeFh(zh) = 0.
Our aim is to show that the Euler method retains its classical convergence order, or equivalently, that the
global errorεh :=Rh(z)− zh satisfies

‖εh‖h =O(h), h→ 0.

The defining system forεh reads εi+1− εi
h

− M(ti+1)

ti+1
εi+1− li+1, i = 0, . . . ,N − 1

ε0− l0

= 0,

where li = Fh(Rh(z))i − f (ti, zi) + f (ti, z(ti)), i = 1, . . . ,N, l0 = 0, and we prove the convergence
result by discussing consistency and stability of the associated discrete operators on a suitably chosen
interval [0, δ], 0< δ 6 1.

4.1. Consistency

Lemma 7. Assume that the solutionz of F(z)= 0 satisfiesz ∈ C2[0,1]. Then,∥∥Fh(Rh(z))∥∥h =O(h), h→ 0.

Proof. Using Taylor expansion, we obtain

∣∣Fh(Rh(z))i+1

∣∣= ∣∣∣∣z(ti+1)− z(ti)
h

− z′(ti+1)

∣∣∣∣= h
∣∣∣∣∣−

1∫
0

(1− τ)z′′(ti+1− τh)dτ
∣∣∣∣∣

6 h
2

max
θ∈[ti ,ti+1]

∣∣z′′(θ)∣∣=O(h), i = 0, . . . ,N − 1,

and the result follows on noting thatFh(Rh(z))0= z(0)− ζ0= 0. 2
4.2. Stability

We first show the stability result for the linear problem with a constant coefficient matrix and then

generalize the statement for the linear case withM(t)=M(0)+ ◦C(t) and for the nonlinear case.

4.2.1. Constant coefficient matrix
Consider the problem

F (1)(z) :=
 z′(t)− Mt z(t)− f (t), t ∈ (0,1]
z(0)− ζ0

= 0, (29)

and the Euler scheme for its numerical solution,

F
(1)
h (zh) :=

 zi+1− zi
h

− M

ti+1
zi+1− fi+1, i = 0, . . . ,N − 1

z0− ζ0

= 0, (30)
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wherefi = f (ti), i = 1, . . . ,N , andM is a constantn× n matrix3. For the global error we have εi+1− εi
h

− M

ti+1
εi+1− li+1, i = 0, . . . ,N − 1

ε0− l0

= 0, (31)

wherelh = F (1)h (Rh(z)), l0= 0.
Motivated by the technique used in the investigation of the analytical problem, we transform (30),

and consequently (31), using the Jordan decomposition ofM , J = E−1ME. With vh := E−1εh :=
(E−1ε0, . . . ,E

−1εN) andgh :=E−1lh the problem (31) reduces to vi+1− vi
h

− J

ti+1
vi+1− gi+1, i = 0, . . . ,N − 1

v0

= 0. (32)

Note that for a fixedi this is a system ofn scalar equations relating the components ofvi = (vi;1, . . . , vi;n)
andvi+1. Moreover, each equation is in one of the four following forms: vi+1;j − vi;j

h
− λ

ti+1
vi+1;j − gi+1;j , i = 0, . . . ,N − 1

v0;j

= 0, (33)

 vi+1;j − vi;j
h

− 1

ti+1
(λvi+1;j + vi+1;j+1)− gi+1;j , i = 0, . . . ,N − 1

v0;j

= 0, (34)

 vi+1;j − vi;j
h

− gi+1;j , i = 0, . . . ,N − 1

v0;j

= 0, (35)

 vi+1;j − vi;j
h

− 1

ti+1
vi+1;j+1− gi+1;j , i = 0, . . . ,N − 1

v0;j

= 0. (36)

Before estimatingvh in terms ofgh we need two technical results stated below.

Lemma 8. Letλ= σ + iκ ∈C with σ =<(λ) > 0. For j > k > 1, define

zkj (λ) :=


1, k = j,
j−1∏
l=k

(
1+ λ

l

)−1

, 16 k < j, j = 2,3, . . . .

Then, there exist constantsη= η(λ) > 0 andC > 1 such that∣∣zkj (λ)∣∣6 C(k
j

)η
, 16 k 6 j, j = 1,2, . . . . (37)

3 Again, all eigenvalues ofM are assumed to have only nonpositive real parts.



240 O. Koch et al. / Applied Numerical Mathematics 34 (2000) 231–252

Proof. The estimate forzkj follows from

∣∣zkj (λ)∣∣=
∣∣∣∣∣
j−1∏
l=k

(
l + λ
l

)−1
∣∣∣∣∣=

∣∣∣∣∣
j−1∏
l=k

l

l + λ

∣∣∣∣∣=
∣∣∣∣ Γ (j)

Γ (j + λ)
Γ (k+ λ)
Γ (k)

∣∣∣∣
=
∣∣∣∣j−λ(1+O

(
1

j

))
kλ
(

1+O
(

1

k

))∣∣∣∣6C(kj
)η
,

on noting that

Γ (z+ 1)= zΓ (z), ∀z ∈ C,
and taking into account the following asymptotic behavior of the functionΓ (cf. [11]):

Γ (s + a)
Γ (s + b) = s

a−b
(

1+O
(

1

s

))
, s→∞, <(s) > 0. 2

The proof of the next lemma follows in a straightforward manner using an integral as a bound for the
sum.

Lemma 9. Leth > 0, tj := jh, k > j > 1 andγ ∈ R, then

k−1∑
l=j
ht
γ−1
l 6


const

∣∣tγk − tγj ∣∣, γ 6= 0,

const ln
(
tk

tj

)
, γ = 0.

(38)

We now estimate the solutions of (33)–(36), see Lemmas 10–13, respectively. All proofs in these
lemmas are shown in a fairly similar manner. In order to avoid repetitions, we carry out only the second
in some detail. Motivated by the linear problem with a variable coefficient matrix and by the nonlinear
problem, we provide in each case an additional uniform bound for the solution on grids defined on the
subinterval[0, δ], δ 6 1.

Lemma 10. Consider the scheme(33). Its solutionvh;j has the form

vi;j =
i∑
l=1

i∏
k=l

(
1− hλ

tk

)−1

hgl;j =:
i∑
l=1

zl,i+1(−λ)hgl;j , i = 1, . . . ,N, (39)

and satisfies the following estimate:

|vi;j |6 constti max
16l6N

|gl;j | (40)

6 constδ‖gh;j‖h, i = 0, . . . ,N. (41)

Lemma 11. Consider the scheme(34). Then

vi;j =
i∑
l=1

i∏
k=l

(
1− hλ

tk

)−1

hg̃l;j =:
i∑
l=1

zl,i+1(−λ)hg̃l;j , i = 1, . . . ,N, (42)

whereg̃i;j := t−1
i vi;j+1+ gi;j , i = 1, . . . ,N . If vh;j+1 can be bounded by

|vi;j+1|6 constti max
16k6N

|gk;j+1|, i = 0, . . . ,N,
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then the following estimates hold:

|vi;j |6 constti max
16k6N

max
{|gk;j |, |gk;j+1|} (43)

6 constδmax
{‖gh;j‖h,‖gh;j+1‖h}, i = 0, . . . ,N. (44)

Proof. The representation (42) can be derived using the representation

vi+1;j =
(

1− hλ

ti+1

)−1

(vi;j + hg̃i+1;j )

and induction. The estimates follow from

|vi;j |6 const

(
i∑
l=1

t
η
l

t
η
i+1
ht−1
l |vl;j+1| +

i∑
l=1

t
η
l

t
η
i+1
h|gl;j |

)

6 const

(
1

t
η
i+1

i∑
l=1

ht
η
l max

16k6N
|gk;j+1| + 1

t
η
i+1

i∑
l=1

ht
η
l max

16k6N
|gk;j |

)
6 constti max

16k6N
max

{|gk;j |, |gk;j+1|}. 2
Lemma 12. Consider the scheme(35). Its solutionvh;j has the form

vi;j =
i∑
l=1

hgl;j , i = 1, . . . ,N, (45)

and satisfies the following estimate:

|vi;j |6 constti max
16k6N

|gk;j | (46)

6 constδ‖gh;j‖h, i = 0, . . . ,N. (47)

Lemma 13. Consider the scheme(36). Its solutionvh;j reads

vi;j =
i∑
l=1

hg̃l;j , i = 0, . . . ,N − 1, (48)

whereg̃i;j := t−1
i vi;j+1+ gi;j , i = 1, . . . ,N . If

|vi;j+1|6 constti max
16k6N

|gk;j+1|, i = 0, . . . ,N,

then

|vi;j |6 constti max
16k6N

max
{|gk;j |, |gk;j+1|} (49)

6 constδmax
{‖gh;j‖h,‖gh;j+1‖h}, i = 0, . . . ,N. (50)
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The convergence result for the implicit Euler method applied to solve (29) is a simple consequence of
the results of Lemmas 7 and 10–13.

Theorem 14. Consider the scheme(30)with the linear operatorF (1)h . For everyf ∈ C and every starting
valueζ0 this scheme,F (1)h (zh)= 0, has a unique solutionzh. If the solutionz of the underlying analytical
problemF (1)(z)= 0, cf. (29), satisfiesz ∈C2[0,1], then the global error of the solution of(30) satisfies

‖εh‖h =O(h), h→ 0.

4.2.2. Variable coefficient matrix
Now we consider the linear problem with variable coefficient matrix of the form (19),

F (2)(z) :=
 z′(t)− M(0)t z(t)− ◦C(t)z(t)− f (t), t ∈ (0,1]
z(0)− ζ0

= 0. (51)

The associated discrete operator equation reads

F
(2)
h (zh) :=

 zi+1− zi
h

− M(0)
ti+1

zi+1− ◦C(ti+1)zi+1− fi+1, i = 0, . . . ,N − 1

z0− ζ0

= 0. (52)

We first have to show that (52) has a unique solutionzh. Definexh =Gh(yh) as the solution of xi+1− xi
h

− M(0)
ti+1

xi+1− ◦C(ti+1)yi+1− fi+1, i = 0, . . . ,N − 1

x0− ζ0

= 0. (53)

Then the solution of (52) is equivalent to finding a fixed point ofGh. We use the Banach Fixed Point
Theorem to show the existence of such a fixed point. We first note thatvh =Gh(xh)−Gh(yh) solves vi+1− vi

h
− M(0)

ti+1
vi+1− li+1, i = 0, . . . ,N − 1

v0

= 0, (54)

whereli = ◦C(ti)(xi − yi), i = 1, . . . ,N . Using estimates derived in the previous section we obtain

|vi |6 constti max
16k6N

|lk|6 constδ max
16k6N

|xk − yk|, i = 0, . . . ,N,

and this implies that on the interval[0, δ] with a sufficiently smallδ, Gh is a contraction on the space of
grid vectorsuh with u0= ζ0. Thus, (52) has a unique solution on[0, δ].

To prove stability, we note that the global errorεh satisfies the equation εi+1− εi
h

− M(0)
ti+1

εi+1− ◦C(ti+1)εi+1− li+1, i = 0, . . . ,N − 1

ε0− l0

= 0, (55)

wherelh = F (2)h (Rh(z)), l0 = 0. The existence of a unique solutionεh of (55) follows by the argument
used for (52). Denote byL< 1 the Lipschitz-constant of the operatorGh. Then
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‖εh‖h −
∥∥Gh(0)

∥∥
h
= ∥∥Gh(εh)

∥∥
h
− ∥∥Gh(0)

∥∥
h
6
∥∥Gh(εh)−Gh(0)

∥∥
h
6L‖εh‖h

⇒‖εh‖h 6 1

1−L‖Gh(0)‖h.
Also,wh =Gh(0) is the solution of wi+1−wi

h
− M(0)

ti+1
wi+1− li+1, i = 0, . . . ,N − 1

w0

= 0, (56)

and satisfies

‖wh‖h 6 constδ‖lh‖h.
Consequently,

‖εh‖h 6 constδ‖lh‖h
on a grid defined on[0, δ]. This together with consistency yields the convergence result formulated in the
next theorem.

Theorem 15. Consider the scheme(52) with the operatorF (2)h . For everyf ,
◦
C ∈ C and every starting

valueζ0 there exists a unique solutionzh of (52). If the solutionz of the analytical problem(52) is in
C2[0,1], then the global error satisfies

‖εh‖h =O(h), h→ 0.

Proof. Clearly, the statement holds for grids defined on the interval[0, δ] by means of the previous
considerations. Since on[δ,1] the problem is regular, classical theory can be applied to extend the
result. 2
4.2.3. Nonlinear problems

Finally, we consider the nonlinear problem

F(z)=
 z′(t)− M(0)t z(t)− ◦C(t)z(t)− f (t, z(t)), t ∈ (0,1]
z(0)− ζ0

= 0. (57)

The associated numerical scheme isFh(zh)= 0, where

Fh(zh)=
 zi+1− zi

h
− M(0)

ti+1
zi+1−

◦
C(ti+1)zi+1− f (ti+1, zi+1), i = 0, . . . ,N − 1

z0− ζ0

 . (58)

We assume thatf (t, z) has a continuous and bounded Fréchet-derivative (denoted byD2f (t, z)) with
respect toz on [0,1] ×Rn. To show the unique solvability ofFh(zh)= 0 on a suitable interval[0, δ], we
define a mappingxh =Gh(yh) as the solution of xi+1− xi

h
− M(0)

ti+1
xi+1− ◦C(ti+1)yi+1− f (ti+1, yi+1), i = 0, . . . ,N − 1

x0− ζ0

= 0.
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We now use the representation

f (ti , xi)− f (ti, yi)=
1∫

0

D2f
(
ti , yi + τ(xi − yi))dτ(xi − yi)=:Di(xi − yi)

to show thatGh is a contraction on the space of grid vectors on[0, δ], provided thatδ is sufficiently
small.

The global error,εh, satisfies εi+1− εi
h

− M(0)
ti+1

εi+1− ( ◦C(ti+1)+Di+1
)
εi+1− li+1, i = 0, . . . ,N − 1

ε0

= 0,

wherelh = Fh(Rh(z)). We now view the operatorxh =Gh(yh) as the solution of the system xi+1− xi
h

− M(0)
ti+1

xi+1− ( ◦C(ti+1)+Di+1
)
yi+1− li+1, i = 0, . . . ,N − 1

x0

= 0,

and conclude

‖εh‖h −
∥∥Gh(0)

∥∥
h
6
∥∥Gh(εh)−Gh(0)

∥∥
h
6 L‖εh‖h

⇒‖εh‖h 6 1

1−L
∥∥Gh(0)

∥∥
h
=O(h), h→ 0.

The convergence result required for the interval[δ,1] follows by the classical theory.

Theorem 16. Consider the system(58) with the nonlinear operatorFh(zh). For every f (t, z) ∈
C([0,1] × Rn) which has a bounded Fréchet-derivative with respect toz on [0,1] × Rn, ◦C ∈ C and
every starting valueζ0, Fh(zh)= 0 has a unique solutionzh. If the solutionz of the underlying analytical
problem(57) satisfiesz ∈C2[0,1], then the global error of the approximate solution satisfies

‖εh‖h =O(h), h→ 0.

5. Asymptotic error expansions

An asymptotic expansion for the global error of the approximation to the solution of (23) obtained
by the implicit Euler rule is a crucial tool used in the proof of the convergence results for the Iterated
Defect Correction Method (IDeC), see Section 6. This convergence result is still “work in progress” and
therefore we restrict our attention here to the special case of an expansion of order five which on one hand
is sufficient to explain the experimental results for the IDeC procedure presented in the next section, and
on the other hand makes it intuitively clear that under suitable assumptions on the problem data the length
of the expansion can be extended to an arbitrary order.

Let vh be a solution ofFh(vh)= 0,

Fh(vh)=
 vi+1− vi

h
− M(ti+1)

ti+1
vi+1− f (ti+1, vi+1), i = 0, . . . ,N − 1

v0− ζ0

 . (59)
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For the global error ofvh on the grid∆h we make an ansatz of the form

vi − z(ti)=
5∑
j=1

hjej (ti)+ ri, i = 0, . . . ,N,

whereej (t) are appropriately smooth functions, andrh is the remainder term. More precisely, we have
to prove that such smooth functions exist and the remainder term shows the proper asymptotic quality,

‖rh‖h =O
(
h6), h→ 0.

Let v(t) be a smooth interpolant of the valuesvh, then we can rewrite the ansatz and obtain

v(t)= z(t)+
5∑
j=1

hjej (t)+ r(t), t ∈ [0,1]. (60)

Let us assumef,
◦
C ∈ C6[0,1], cf. (23), then it follows from Theorem 6 thatz ∈ C7[0,1]. We first

evaluate (60) atti and ti+1 and substitute into (59). Local Taylor expansion atti+1 for all involved
functions and equating coefficients of equal powers ofh yield the following variational equations for
ej , j = 1, . . . ,5:

e′1(t)−
1

t
M(t)e1(t)=D2f

(
t, z(t)

)
e1(t)+ 1

2z
′′(t), t ∈ (0,1],

e1(0)= 0,

e′2(t)−
1

t
M(t)e2(t)=D2f

(
t, z(t)

)
e2(t)+ 1

2D
2
2f
(
t, z(t)

)
e2

1(t)+ 1
2e
′′
1(t)− 1

6z
(3)(t), t ∈ (0,1],

e2(0)= 0,

e′3(t)−
1

t
M(t)e3(t)

=D2f
(
t, z(t)

)
e3(t)+D2

2f
(
t, z(t)

)
e1(t)e2(t)+ 1

6D
3
2f
(
t, z(t)

)
e3

1(t)+ 1
2e
′′
2(t)

− 1
6e
(3)
1 (t)+ 1

24z
(4)(t), t ∈ (0,1],

e3(0)= 0,

e′4(t)−
1

t
M(t)e4(t)

=D2f
(
t, z(t)

)
e4(t)+D2

2f
(
t, z(t)

)(
e1(t)e3(t)+ 1

2e
2
2(t)

)+ 1
2D

3
2f
(
t, z(t)

)
e2

1(t)e2(t)

+ 1
24D

4
2f
(
t, z(t)

)
e4

1(t)+ 1
2e
′′
3(t)− 1

6e
(3)
2 (t)+ 1

24e
(4)
1 (t)− 1

120z
(5)(t), t ∈ (0,1],

e4(0)= 0,

e′5(t)−
1

t
M(t)e5(t)

=D2f
(
t, z(t)

)
e5(t)+D2

2f
(
t, z(t)

)(
e1(t)e4(t)+ e2(t)e3(t)

)
+ 1

2D
3
2f
(
t, z(t)

)(
e2

1(t)e3(t)+ e1(t)e
2
2(t)

)+ 1
6D

4
2f
(
t, z(t)

)
e3

1(t)e2(t)

+ 1
120D

5
2f
(
t, z(t)

)
e5

1(t)+ 1
2e
′′
4(t)− 1

6e
(3)
3 (t)+ 1

24e
(4)
2 (t)− 1

120e
(5)
1 (t)+ 1

720z
(6)(t), t ∈ (0,1],

e5(0)= 0.



246 O. Koch et al. / Applied Numerical Mathematics 34 (2000) 231–252

Here,Dk
2f (t, z) denotes thekth Fréchet-derivative off (t, z) with respect to the second argumentz (for

example,D2
2f (t, z)y

2 is the bilinear mapping defined by the second derivative off with vectory as both
its arguments). Forz ∈C7, Theorem 6 implies the existence of unique solutionsej ∈C7−j , j = 1, . . . ,5.

For the analysis of the remainder termrh we define a function

g(ti , ri) :=
1∫

0

D2f

(
ti, z(ti)+

5∑
j=1

hjej (ti)+ τri
)

dτ · ri,

which satisfiesg(t,0) = 0 for all t . Moreover, we assume thatg(t, r) has a continuous and bounded
Fréchet-derivative with respect tor .

The remainderrh solves the difference scheme ri+1− ri
h

− 1

ti+1
M(ti+1)ri+1− g(ti+1, ri+1)− li+1

r0

= 0, (61)

with i = 0, . . . ,N −1, wherelh =O(h6) if f ∈ C6. Let us define an operatorxh =Gh(yh) as the solution
of  xi+1− xi

h
− 1

ti+1
M(0)xi+1− ◦C(ti+1)yi+1− g(ti+1, yi+1)− li+1

x0

= 0, (62)

wherei = 0, . . . ,N − 1.
It follows from Theorem 16 thatGh is a contraction on the space of grid vectorsu= (0, u1, . . . , uN)

on [0, δ] with a constantL< 1, provided thatδ is sufficiently small. Also,

‖rh‖h 6 1

1−L
∥∥Gh(0)

∥∥
h

and
∥∥Gh(0)

∥∥
h
6 const‖lh‖h.

Thus,

‖rh‖h =O
(
h6), h→ 0,

and the result follows. Obviously, iff and
◦
C are sufficiently smooth, expansion (60) can be extended to

an arbitrary order.

6. Iterated Defect Correction (IDeC)

An effective technique for the numerical solution of ODEs is the Iterated Defect Correction method,
originally proposed as a method for the estimation of the global error of Runge–Kutta methods. Here, we
are interested in the performance of the IDeC procedure, based on the implicit Euler method. The idea
of the IDeC method is to obtain a basic solution (in our case by the implicit Euler scheme) and gradually
improve its accuracy in the course of a specially designed iteration. The existence and the structure of the
asymptotic error expansion for the basic solution, see Section 5, suggests that in each step of the iteration
the convergence order can be improved by O(h) until a certain convergence order, O(hmmax), is reached.
The powermmax depends on the length of the asymptotic error expansion for the basic solution and on
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technical details of the IDeC procedure which we will specify later. The aim of this section is to verify
this convergence behavior experimentally.

6.1. The IDeC method

The IDeC procedure based on Zadunaisky’s idea, see [15], has been successfully applied to
solve classical second order boundary value problems4 and its performance in this context has been
theoretically investigated in [2–4]. These results do not carry over to the case of singular problems
directly, however. Therefore we chose an experimental approach to collect evidence for the justification to
use IDeC for singular problems and to create a basis for a theoretical proof of the convergence properties
to follow.

We now briefly discuss some important features of this acceleration technique. We consider initial
value problems of the form5

z′(t)= F (t, z(t)), t ∈ (0,1], (63a)

z(0)= β. (63b)

We assume that we know the approximate solution,z
(0)
h := zh, obtained by the implicit Euler rule, and

denote byp(0)(t) the polynomial of degreeN interpolating the values ofz(0)h ,

p(0)(ti)= z(0)i , i = 0, . . . ,N.

Using this polynomial we construct a neighboring problem associated with (63) and solved byp(0)(t),

z′(t)= F (t, z(t))+ d(0)(t), t ∈ (0,1], (64a)

z(0)= p(0)(0)= β, (64b)

where

d(0)(t) := (p(0))′(t)− F (t, p(0)(t)).
We now solve (64) by the same numerical method (implicit Euler rule) and obtain an approximate
solution p(0)h for p(0)(t). This means that for the solution of the neighboring problem (64) we know
the global error which we can use to estimate the unknown error of the original problem (63),

εh =Rh(z)− zh ≈ δ(0)h :=Rh
(
p(0)

)− p(0)h = z(0)h − p(0)h . (65)

Zadunaisky gave the following heuristic argument for his method to work: If the valueszh are good
approximations for the values of the solutionRh(z) at the grid points, then the polynomialp(0)(t) is a
good approximation for the solutionz(t) itself. Consequently, the defectd(0)(t) is small and hence the
neighboring problem (64) and the original problem (63) are closely related. This implies that the global
error of the solution of (64) is closely related to the global error of the solution of (63), and therefore the
estimate (65) shall provide some dependable information about its size.

4 Unfortunately, it fails to show its advantageous behavior when it is applied to solve singular boundary value problems,
see [5].

5 In case of singular problems, we may think ofF(t, z(t)) being the right-hand side of (1a).
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Having the estimate for the global error of the solutionz(0)h we are able to improve this solution by
setting

z
(1)
h := z(0)h + δ(0)h = z(0)h +

(
Rh(p

(0))− p(0)h
)
.

We use these values to define a new interpolating polynomialp(1)(t) by requiringp(1)(ti) = z(1)i , i =
0, . . . ,N , and the associated defect

d(1)(t) := (p(1))′(t)− F (t, p(1)(t)).
Clearly, the next neighboring problem reads

z′(t)= F (t, z(t))+ d(1)(t), t ∈ (0,1], (66a)

z(0)= β, (66b)

and we solve it by the Euler method to obtain the approximationp
(1)
h which is used to correct the basic

solution again,

z
(2)
h := z(0)h + δ(1)h = z(0)h +

(
Rh(p

(1))− p(1)h
)
.

Clearly, the procedure can be continued in the above manner.
For obvious reasons one does not use one interpolating polynomial for the whole interval in practice.

Instead, a piecewise polynomial function, composed of polynomials of (moderate) degreem is defined
to specify the neighboring problem. Due to classical theory, see [4],mmax= m holds provided that the
remainder term is at least O(hm+1), which means that in general the choice ofm determines the final
level of accuracy reached during the iteration.

6.2. Experimental results

In this section we present experimental results illustrating the performance of the IDeC method
when applied to solve singular problems. Two examples have been chosen to show the typical behavior
observed for all models.

In the tables we denote byε(k)h , k = 1, . . . ,5, the (exact) global error of the solutionz(k)h obtained in
thekth step of the iteration and byε(0)h the error of the basic solution. Also, convergence orders and error
constants are listed. The theory suggests that for a sufficiently smallh the relation‖ε(k)h ‖h ≈ chp holds,
wherec is a constant independent ofh. We use this relation to compute the order of convergencep(k)

and the error constantc(k) by comparing the errors on two subsequent grids.
In all experiments polynomial degreem= 5 was used and hence we expect to see the following order

sequence:∥∥ε(k)h ∥∥h = ∥∥Rh(z)− z(k)h ∥∥h =O
(
hk+1), k = 0, . . . ,4.

All experiments have been carried out in double precision, relative machine accuracy 10−16 using an Intel
Pentium processor.

Example 1. We consider the problem, see [14],

y′′(t)=−2

t
y′(t)− n2 cos(nt)− 2

t
nsin(nt), t ∈ (0,1],

y(0)= 2, y′(0)= 0,
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with n= 3 and exact solutiony(t)= 1+ cos(nt).

Table 1
Convergence of the IDeC method; Example 1

h ‖ε(0)h ‖h p(0) c(0) ‖ε(1)h ‖h p(1) c(1)

1
5 8.5 0.970 −4.0 · 10+01 5.0 1.924 −1.1 · 10+01

1
5 · 2−1 4.3 0.982 −4.1 · 10+01 1.3 · 10−01 1.985 −1.2 · 10+01

1
5 · 2−2 2.1 · 10−01 0.990 −4.2 · 10+01 3.3 · 10−01 1.995 −1.3 · 10+01

1
5 · 2−3 1.1 · 10−01 0.995 −4.3 · 10+01 8.3 · 10−02 1.997 −1.3 · 10+01

1
5 · 2−4 5.5 · 10−01 0.997 −4.3 · 10+01 2.0 · 10−03 1.999 −1.3 · 10+01

1
5 · 2−5 2.7 · 10−02 0.998 −4.4 · 10+01 5.2 · 10−03 1.999 −1.3 · 10+01

1
5 · 2−6 1.3 · 10−02 0.999 −4.4 · 10+01 1.3 · 10−04 1.999 −1.3 · 10+01

1
5 · 2−7 6.9 · 10−02 0.999 −4.4 · 10+01 3.2 · 10−04 1.999 −1.3 · 10+01

1
5 · 2−8 3.4 · 10−02 0.999 −4.4 · 10+01 8.1 · 10−05 1.999 −1.3 · 10+01

1
5 · 2−9 1.7 · 10−03 0.999 −4.4 · 10+01 2.0 · 10−06 1.999 −1.3 · 10+01

h ‖ε(2)h ‖h p(2) c(2) ‖ε(3)h ‖h p(3) c(3)

1
5 1.0 · 10−01 3.275 −1.9 · 10+01 1.1 · 10−01 4.526 −1.7 · 10+02

1
5 · 2−1 1.0 · 10−02 2.792 −6.4 · 10+01 5.0 · 10−02 4.053 −5.7 · 10+02

1
5 · 2−2 1.5 · 10−03 2.916 −9.3 · 10+01 3.0 · 10−04 3.988 −4.7 · 10+02

1
5 · 2−3 1.9 · 10−04 2.959 −1.0 · 10+01 1.9 · 10−05 3.986 −4.6 · 10+02

1
5 · 2−4 2.5 · 10−05 2.979 −1.2 · 10+01 1.2 · 10−06 3.991 −4.7 · 10+02

1
5 · 2−5 3.2 · 10−05 2.989 −1.2 · 10+01 7.6 · 10−07 3.995 −4.8 · 10+02

1
5 · 2−6 4.0 · 10−06 2.994 −1.3 · 10+01 4.7 · 10−08 3.997 −4.9 · 10+02

1
5 · 2−7 5.1 · 10−07 2.997 −1.3 · 10+01 2.9 · 10−10 3.982 −4.4 · 10+02

h ‖ε(4)h ‖h p(4) c(4) ‖ε(5)h ‖h p(5) c(5)

1
5 1.5 · 10−02 3.993 −9.6 · 10+01 1.5 · 10−02 3.987 −9.5 · 10+01

1
5 · 2−1 9.7 · 10−03 5.105 −1.2 · 10+02 9.8 · 10−03 5.104 −1.2 · 10+02

1
5 · 2−2 2.8 · 10−05 5.058 −1.0 · 10+02 2.8 · 10−05 5.079 −1.1 · 10+02

1
5 · 2−3 8.5 · 10−06 5.024 −9.5 · 10+02 8.4 · 10−06 5.044 −1.0 · 10+02

1
5 · 2−4 2.6 · 10−08 5.012 −9.0 · 10+02 2.5 · 10−08 5.023 −9.2 · 10+02

1
5 · 2−5 8.1 · 10−09 5.007 −8.8 · 10+02 7.8 · 10−09 5.018 −9.0 · 10+02

We use the linear transformationz(t) := (y(t), ty′(t))T to transform the second order system to the
equivalent first order form and obtain
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Table 2
Convergence of the IDeC method; Example 2

h ‖ε(0)h ‖h p(0) c(0) ‖ε(1)h ‖h p(1) c(1)

1
5 2.4 · 10−02 0.834 −9.2 · 10−01 7.7 · 10−02 1.835 −1.4 · 10−01

1
5 · 2−1 1.3 · 10−02 0.921 −1.1 · 10−01 2.1 · 10−03 1.918 −1.7 · 10−01

1
5 · 2−2 7.1 · 10−02 0.960 −1.2 · 10−01 5.7 · 10−03 1.959 −2.0 · 10−01

1
5 · 2−3 3.6 · 10−02 0.980 −1.3 · 10−01 1.4 · 10−04 1.979 −2.1 · 10−01

1
5 · 2−4 1.8 · 10−03 0.990 −1.4 · 10−01 3.7 · 10−04 1.989 −2.2 · 10−01

1
5 · 2−5 9.3 · 10−03 0.995 −1.4 · 10−01 9.4 · 10−05 1.994 −2.3 · 10−01

1
5 · 2−6 4.7 · 10−03 0.997 −1.4 · 10−01 2.3 · 10−06 1.997 −2.3 · 10−01

1
5 · 2−7 2.3 · 10−04 0.998 −1.4 · 10−01 5.9 · 10−06 1.998 −2.4 · 10−01

1
5 · 2−8 1.1 · 10−04 0.999 −1.5 · 10−01 1.4 · 10−07 1.999 −2.4 · 10−01

1
5 · 2−9 5.8 · 10−04 0.999 −1.5 · 10−01 3.7 · 10−07 1.999 −2.4 · 10−01

h ‖ε(2)h ‖h p(2) c(2) ‖ε(3)h ‖h p(3) c(3)

1
5 1.6 · 10−03 2.924 −1.8 · 10−01 9.5 · 10−03 3.330 −2.0 · 10−01

1
5 · 2−1 2.1 · 10−04 2.918 −1.7 · 10−01 9.5 · 10−04 3.525 −3.1 · 10+00

1
5 · 2−2 2.8 · 10−05 2.731 −1.0 · 10−01 8.2 · 10−05 3.770 −6.6 · 10+00

1
5 · 2−3 4.3 · 10−05 2.868 −1.6 · 10−01 6.0 · 10−06 3.889 −1.0 · 10+00

1
5 · 2−4 5.9 · 10−06 2.934 −2.2 · 10−01 4.0 · 10−07 3.946 −1.3 · 10+00

1
5 · 2−5 7.7 · 10−07 2.967 −2.6 · 10−01 2.6 · 10−09 3.973 −1.5 · 10+00

1
5 · 2−6 9.8 · 10−08 2.983 −2.9 · 10−01 1.6 · 10−10 3.974 −1.5 · 10+00

h ‖ε(4)h ‖h p(4) c(4) ‖ε(5)h ‖h p(5) c(5)

1
5 8.1 · 10−03 4.954 −2.3 · 10+00 5.4 · 10−03 5.558 −4.1 · 10+01

1
5 · 2−1 2.6 · 10−05 5.079 −3.1 · 10+00 1.1 · 10−05 4.921 −9.5 · 10+00

1
5 · 2−2 7.7 · 10−06 5.095 −3.3 · 10+01 3.7 · 10−06 5.141 −1.8 · 10+00

1
5 · 2−3 2.2 · 10−08 5.084 −3.1 · 10+01 1.0 · 10−08 5.102 −1.6 · 10+00

1
5 · 2−4 6.6 · 10−09 4.995 −2.1 · 10+00 3.1 · 10−10 5.080 −1.4 · 10+00

z′(t)= 1

t

(
0 1
0 −1

)
z(t)+

(
0

−tn2 cos(nt)− 2nsin(nt)

)
, (67a)

z(0)=
(

2
0

)
, (67b)

whose exact solution isz(t) = (1+ cos(nt),−ntsin(nt))T. The results for this model can be found in
Table 1. As expected, we observe the classical order sequence, O(h), O(h2), O(h3), O(h4) and O(h5).
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Example 2. Finally, we study the nonlinear “Emden-Differential Equation”, cf. [12],

y′′(t)=−2

t
y′(t)− y5(t), t ∈ (0,1],

y(0)= 1, y′(0)= 0,

with y(t)= 1/
√

1+ t2/3, or equivalently,

z′(t)= 1

t

(
0 1
0 −1

)
z(t)− t

(
0

z5
1(t)

)
, t ∈ (0,1], (68a)

z(0)=
(

1
0

)
, (68b)

with

z(t)=


1√

1+ t2/3
− t2

3
√

1+ t2/33

 .
The numerical results for this problem are listed in Table 2 and we can see that the IDeC iteration again
shows its classical convergence behavior.
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