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Abstract
The numerical approximation of the solution of the time-dependent Schrödinger
equation arising in ultrafast laser dynamics is discussed. The linear electronic
Schrödinger equation is reduced to a computationally tractable, lower dimensional
system of nonlinear partial differential equations by the multi-configuration timedependent Hartree-Fock method (MCTDHF). This method uses an ansatz for the
wave function on a nonlinear manifold, taking into account the antisymmetry inherent in the model to reduce the dimension of the solution space. We show that
the ansatz used is consistent with the original equation and the solution can be
represented exactly in principle using the solutions of the nonlinear PDEs associated with MCTDHF. For the practical solution of the MCTDHF equations, several
numerical techniques are discussed, and it is demonstrated that physically relevant
problems can be solved satisfactorily.
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Introduction

In this paper we discuss analytical and numerical properties of a new approach
for the numerical solution of the time-dependent electronic Schrödinger equation (TDSE) arising in ultrafast laser dynamics, which was first proposed in
[1], [2].
Large-scale computations of electronic structure and dynamics pose extremely
challenging problems in several areas of research. For static electronic structure
computations, many different methods have been developed in various fields,
such as theoretical physics or theoretical and computational chemistry. As
computationally cheaper alternatives to the solution of the time-independent
Schrödinger equation by direct discretization, methods like density functional
theory (DFT) or (multi-configuration) Hartree-Fock (MCHF) are being used.
DFT is a powerful method to reduce the Schrödinger equation for f degrees
of freedom from a linear problem in R3f to a set of f nonlinear equations
in R3 , where the computational effort is proportional to f 2 . DFT has found
its most prominent applications in the calculation of ground-state properties
of systems with many particles such as solids. MCHF, in turn, is one of the
most powerful standard tools in electronic structure calculations of atoms and
small molecules. Similar to DFT, MCHF reduces the Schrödinger equation to a
coupled set of nonlinear equations, but with computational effort proportional
to N 4 , for some N ≥ f occurring in the specification of the method. For few
particle systems, this entails a tolerable increase of computational effort. In
contrast to DFT, increasing N allows to, in principle, systematically improve
the approximation of the original Schrödinger equation by MCHF. In both,
DFT and MCHF, (nonlinear) eigenvalue problems have to be solved.
Ultrashort strong laser pulses, however, require the solution of time-dependent
initial value problems. These laser pulses developed during the last few years
have opened a new regime in the interaction of fields with matter [3], [4], [5].
One of the most intriguing aspects is the possibility of ultrashort time-resolved
spectroscopy in the sub-femtosecond time domain.
For the solution of the time-dependent problems, different levels of approximation have been used, which range between the direct discretization of the
TDSE as the most precise but computationally most expensive choice, and
time-dependent density functional theory (TDDFT), which is appealing from
a computational point of view but turned out to be too crude an approximation to capture important features of the problem, see below.
The present state of the art of numerically solving the time-dependent Schrödinger equation directly for realistic laser pulses is limited to two electron
systems. The most successful calculations involve the largest massively parallel
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computers available [6], [7]. It is clear that the direct solution of the linear
time-dependent Schrödinger equation has reached its computational limits.
The use of TDDFT for this problem is limited at least by two drawbacks: The
known approximations of the crucial “exchange correlation” term, while producing consistent ground state energies, generate contradictory and incorrect
dynamical behavior [8] and there is no applicable theory for the description of
multi-electron processes, such as detachment of two electrons from an atom.
While this approach promises an enormous reduction in the complexity of the
computational problems, the theory is not yet developed far enough so as to
be applicable to our problem, see also [1].
Therefore the best choice at present to make the original, linear Schrödinger
equation tractable for numerical computation is the multi-configuration timedependent Hartree-Fock method (MCTDHF) proposed in [1], [2], [9]. This approach produces a lower-dimensional, nonlinear system of coupled Schrödinger
equations. The method excels in its favorable computational complexity in relation to the number of particles in the model, thus making a simulation of
systems with up to ten particles feasible, see [2]. In both the computational
effort and the accuracy of the approximation MCTDHF is a compromise between the direct solution of the problem and TDDFT, and makes it possible
to solve even highly correlated systems within acceptable computation time.

2

Model equations and the MCTDHF ansatz

We study the solution of the time-dependent Schrödinger equation for an
atom or molecule with f degrees of freedom in a time-dependent electric field
(typically arising from ultrashort laser pulses),
i

∂ψ
= Hψ,
∂t

(1)

where the complex-valued wave function ψ = ψ(q1 , . . . , qf , t) explicitly depends on time t and generalized coordinates qi = (si , xi ), where xi is the
spatial coordinate and si = ±1/2 denotes the spin of the i-th electron in an
atom or molecule. The Hamiltonian H is time-dependent and has the form
f
X





X
1
 (−i∇k − A(t))2 + U (xk ) +
V (xk − xl ) ,
H :=
l6=k
k=1 2

where
3

(2)

f
X

f +1
U (x) := −
U1 x − 1.4 l −
2
l=1
1
V (x − y) := q
,
1 + (x − y)2

!!

,

U1 (x) = √

a2

1
,
+ x2

(3)
(4)

2

A(t) := e−(t/τ ) sin(ωt)A0 .

(5)

∇k is the nabla operator w. r. t. xk only. For this potential, the internuclear
distance is fixed at 1.4, and for each molecule the screening parameter a is
adjusted such that the ionization potential is 0.3 independent of f [1], [2].
For instance, for f = 2, this means that a = 1.28, and for f = 4, a = 1.283
µ, where µ ∈ R is of
holds. Moreover, ω is of order of magnitude 10−1 , τ = 2π
ω
order of magnitude 10, and A0 is a constant, A0 = O(1). It is important to
note that H = H(x1 , . . . , xf , t) is symmetric under the exchange of any two of
its arguments xi , xj and does not depend on electron spin. For the moment,
we restrict ourselves to problems in one space dimension to demonstrate the
feasibility of our approach. The extension to cylindrically symmetric problems
in three dimensions is work in progress.
The multi-electron wave function ψ from (1) is approximated by a function
satisfying the ansatz

ψ(q1 , . . . , qf , t) =

X

aj1 ,...,jf (t)φ̃j1 (q1 , t) · · · φ̃jf (qf , t)

X

aj1 ,...,jf (t)φj1 (x1 , t) · · · φjf (xf , t)|sj1 i ⊗ · · · ⊗ |sjf i

(j1 ,...,jf )

=

(j1 ,...,jf )

=:

X

(6)

aJ (t)ΦJ (x, t)S.

J

The notation in (6) should be interpreted as follows: |sji i denotes a column
vector in two dimensions with the label sji = ±1/2, where
 

1
|1/2i =  
0

(“up”),

 

0
| − 1/2i =  
1

(“down”).

Thus, the repeated Kronecker products ⊗ mean that the dimension of the
system of equations to be solved is multiplied by 2f , where each instance represents a possible combination of spins ±1/2 associated with the f electrons
which can be propagated independently of the other equations. It is sufficient to consider single-particle functions φj = φj (xk , t) which only depend
on position and time, as the Hamiltonian H does not depend on spin, either.
Thus, our subsequent discussion can proceed without taking into account spin
explicitly.
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In (6), the Pauli principle [10] implies a restriction to solutions ψ which are
antisymmetric under exchange of any two of their arguments qj , qk . This
assumption is particular to the MCTDHF approach, as compared with the
multi-configuration time-dependent Hartree method (MCTDH) considered, for
example, in [11], [12] or [13], and reduces the number of equations considerably. Particularly, the assumption implies antisymmetry in the coeffcients aJ .
Formally, multiindices J = (j1 , . . . , jf ) vary for jk = 1, . . . , N, k = 1, . . . , f .
Due to the simplifications resulting from antisymmetry, only Nf equations
for aJ have to be solved in the actual computations, however. The difference
between the number of electrons with spin up and spin down is set as an initial
condition and it remains constant throughout propagation, as our equations
do not explicitly depend on spin. Typical initial conditions for energetically
low lying states are such that this difference is minimal, i. e., 0 for an even
number of electrons and 1 for an odd number. In spite of the actual reduction
of the dimension of the systems we need to solve, we keep this description close
to [11] for convenience of notation. We will demonstrate below that antisymmetry is preserved by the full MCTDH equations, and thus no unnecessary
complications are introduced by this approach.
The Frenkel-Dirac variational principle [14], [15] is used to derive differential
equations for the coefficients aJ and the single-particle functions φk . Thus, for
ψ in the manifold
(

M = ψ : ψ(x, t) =

X
J

)

aJ (t)φj1 (x1 , t) · · · φjf (xf , t) ,

where aJ ∈ C and φjk ∈ L21 (the Hilbert space L2 w. r. t. one spatial variable),
we require
*

∂
δψ i − H ψ
∂t

+

= 0,

(7)

L2f

where δψ varies in the tangent space Tψ M of M at ψ,



Tψ M = δψ : δψ(x, t) =

X
J



δaJ ΦJ (x, t) + aJ

f
X

δφjk (xk )

k=1

Y

l6=k



φjl (xl ) ,

with δaJ ∈ C and δφjk ∈ L21 . By h·|·iL2f we denote the usual scalar product
in L2 w. r. t. f spatial variables 1 . Note that (7) implies that the residual
1

Recall that for an operator H,
hψ|H|ψ̃iL2 = hψ|H ψ̃iL2 =
f

f

Z
R

5

···

Z
R

ψ(H ψ̃) dx1 · · · dxf .

ki∂ψ/∂t − Hψk is minimal in M, see [16].
In order to define a unique solution of (7), we impose additional constraints,
hφj |φk iL2 = δj,k ,
1

*

φj

∂φk
∂t

+

L21

t = 0,

(8)

= −i hφj |g| φk iL2 ,

t ≥ 0,

1

(9)

where we have the freedom of choice to use any self-adjoint operator g. Usually,
we set g ≡ 0 for reasons of simplicity. The requirement (8) together with (9)
guarantees that
hφj |φk iL2 = δj,k ,
1

t > 0.

(10)

To see this, it is sufficient to show
d
hφj |φk iL2 = 0.
1
dt
This relation can easily be proven using (9) and taking into account the fact
that g is self-adjoint:
*

+

*

+

d
∂φk
hφj |φk iL2 = φj
1
dt
∂t
= φj

∂φk
∂t

L21

*

+

*

+

∂φj
+
φk
∂t
+ φk

L21

∂φj
∂t

L21

L21

= −i hφj |g| φk iL2 + ihφk |g| φj iL2
1

1

= −i hφj |g| φk iL2 + i hφj |g| φk iL2
1

1

= 0.

The variational principle (7) and the additional restrictions (8) and (9), finally
yield the “working equations”
da
= AH (φ)a,
dt
∂φ
i
= BH (a, φ)φ,
∂t

(11)

i

(12)
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for a = (aj1 ,...,jf ), φ = (φk ). In equation (11),
[AH (φ)]J,L := hΦJ |H| ΦL iL2

(13)

f

is a “Galerkin matrix”, and (12) is derived from
iρ

∂φ
= (I − P )Hφ,
∂t

(14)

where
ψj := hφj |ψiL2 ,
1

ρj,l := hψj |ψl iL2

f −1

(“single-hole functions”),

(15)

(“density matrix”),

(16)

,

H j,l := hψj |H| ψl iL2

f −1

,

(“mean field operator matrix”),

(17)

and P is the orthogonal projector onto the space spanned by the functions φk .
Note that the mean-field operator matrix from (17) contains operators acting
on one spatial variable, respectively.
The equivalence of (12) and (14) is not trivial and requires some further discussion. In cases where the density matrix ρ is singular a special treatment is
necessary, see [11], [17]. We do not consider this case here, as it rarely occurs
in practice when the initial state is chosen sensibly.
It must be stressed at this point that it is not necessary to enforce antisymmetry of the solution during the time integration of (11), (12). If the initial
state at t = 0 is chosen as
ψ0 (x1 , . . . , xf ) =

X
J

aJ φj1 (x1 ) · · · φjf (xf )

(18)

such that ψ0 is antisymmetric, and aJ , φjk (xk ) serve as initial values for (11)
and (12), respectively, antisymmetry is preserved since H is symmetric under
the exchange of any two of its arguments.
To see that the solution of the full TDSE (1) has the property to preserve
antisymmetry of the initial state, it is sufficient to show that the function
yi,j (x, t) := ψ(x, t) + Pi,j ψ(x, t),
where the operator Pi,j swaps the arguments xi and xj of a function, is an
invariant of motion for a solution of (1) and any i, j. Note that Pi,j is selfadjoint. This follows from the Theorem of Fubini [18] on realizing that we only
7

have to change the integration order in the inner product h·|·iL2f . Now, we use
the fact that Pi,j commutes with H, which implies
∂yi,j
= (I + Pi,j )Hψ = H(I + Pi,j )ψ = Hyi,j ,
∂t
yi,j (x, 0) = 0.

i

If the original equation (1) defines a unique solution, we may now conclude
that yi,j = 0 for all t and any i, j. In the case where A(t) = 0, this follows
from Stone’s Theorem, as the differential operator is self-adjoint in that case
and U + V ∈ L2f is real [19].
The result for the solutions of the working equations (11) and (12) can be
proven similarly: If we denote by pi,k (J) the operator swapping the indices
J
ji and jk in the multiindex J = (j1 , . . . , jf ), then zi,k
(t) := aJ (t) + api,k (J) (t)
satisfies
J
iżi,k
=

X
K

=

X
K

=

X

K
J
zi,k (0) = 0,

hΦJ + Φpi,k (J) |H|ΦK iL2f aK =
hΦJ |H|(I + Pi,k )ΦK iL2f aK =
K
hΦJ |H|ΦK iL2f zi,k
,

X
K

X
K

h(I + Pi,k )ΦJ |H|ΦK iL2f aK

hΦJ |H|ΦK iL2f (aK + api,k (K) )

J
since Pi,k is self-adjoint and commutes with H. Thus, zi,k
(t) = 0, t > 0, and
antisymmetry in the initial Hartree product (18) is reflected in the coefficients
aJ for all t. As an important consequence, it is possible to use the calculus
developed for setting up the equations in MCTDH, and apply the simplifications resulting from antisymmetry to reduce the dimension of the system
likewise for all t. Thus, the working equations constructed in this way remain
valid and produce the antisymmetric solution for all t.

Consequently, theoretical results on the existence and uniqueness of the solution of the working equations also carry over from the case of MCTDH to the
Hartree-Fock equations (11) and (12). It was shown in [20] that when A(t) = 0
in (2) and the potential is smooth, there is a unique solution of the working
equations in the Sobolev space H 2 .
As an extension of the model which is important in practical computations we
introduce a complex absorbing potential (CAP). The CAP is used to eliminate
an undesirable solution behavior not related to the physical situation, which
may be introduced by periodic boundary conditions on a truncated spatial
interval [−xend , xend ]. In [11], a complex absorbing potential similar to the one
8

we use is suggested to cope with these problems. In one space dimension, our
CAP is defined as an artificial contribution to the Hamiltonian H of the form
|x − cend |
c
1 − cos π
w(x) := −i
2
xend − cend

!!

,

|x| > cend ,

(19)

which vanishes for |x| ≤ cend .
As it is cumbersome, or even infeasible, to consider the values of the wave
function ψ, or alternatively the coefficient vector a and single-particle functions
φ, for numerical comparisons for a larger number f of particles, we will instead
use the electron density
hψ|ψiL2f −1 =

Z

R

···

Z

R

ψψ dx2 · · · dxf

(20)

to display our numerical results.
Before we turn to the discussion of numerical methods for the working equations (11) and (12), we show that using the ansatz (6) we could in principle
represent the wave function ψ exactly by using an infinite number of configurations, and that the working equations are thus consistent with the TDSE
in this respect.
Consider the solutions of the working equations (11) and (12). First, we note
that (12) implies that (9) holds with g ≡ 0 2 . Thus, if the initial state is chosen
according to (18) such that (8) is satisfied, then (10) follows for N ∈ N. Now
we consider the situation for N = ∞. If the initial state (18) is chosen as a
complete orthonormal system 3 consisting of functions in the Sobolev space
H 2 , the same holds for any t > 0: It follows that P = I in (12) and also
∂φj /∂t = 0 from (9). Consequently, φj are constant as a function of t and (12)
is satisfied. Clearly now, for ψ there exists an expansion
ψ=

X
J

a J φ j1 · · · φ jf ,

with the Fourier coefficients aJ w. r. t. (ΦJ ). We will subsequently demonstrate
that ψ is the solution of (1) if and only if the coefficients aJ satisfy (11).
2

We should point out at this point that using g 6≡ 0 in (9) results in a modification
of the working equations [11].
3 For example,


1 1
x−i n
√
πx+i x+i

for n ∈ Z constitutes a complete orthonormal system in L21 which can be used to
construct (ΦJ ).

9

First, we have to show that the equation (11) is well-defined. For simplicity,
we restrict ourselves to the case where A(t) = 0 in (2). Thus, H is a selfadjoint operator which maps H 2 into L2f . Now, denote as h2 the subset of `2
which consists of the Fourier coefficients w. r. t. (ΦJ ) of functions from H 2 . The
discrete operator AH maps h2 into l2 , and it is easy to see that AH is selfadjoint
in l2 because H is self-adjoint and L2 and `2 are isomorphic. Moreover, we can
use
H

X

X

a J ΦJ =

J

aJ HΦJ

(21)

J

because H is closed. Consequently, (11) has a unique solution in `2 .
Now, if we assume that t 7→ ψ(x, t) is differentiable w. r. t. t, that is,
lim

h→0

ψ(·, t + h) − ψ(·, t)
− ψ̇(·, t)
h

= 0,
L2f

then aJ (t) are differentiable and represent the Fourier coefficients of ψ̇. Consequently, we can write
i

X
∂ψ
ȧJ ΦJ .
=i
∂t
J

(22)

Thus, from (22) and (10), we conclude
*

∂ψ
ΦJ i
∂t

+

=i
L2f

daJ
,
dt

(23)

and clearly from (21)
hΦJ |HψiL2f =

X
K

hΦJ |H|ΦK iL2f aK .

(24)

Thus, (1) implies (11). Conversely, equations (23) and (24) can be used to
conclude
*
+
∂ψ
ΦJ i
− Hψ
= 0, ∀J
∂t
2
L
f

from (11), and (1) follows.
The last theoretical result shows that the working equations are consistent
with the TDSE. The solution of (1) can in principle be represented exactly by
functions satisfying (11) and (12). The practical question of the convergence
10

of the approximation given by MCTDHF is addressed empirically in [9]. In
particular, the number of configurations necessary to achieve satisfactory accuracy for correlated, realistic models is demonstrated by practically relevant
examples.

3

Numerical solution methods

To compute the solution of (11) and (12) numerically, the method of lines
is used. First, space discretization is applied to derive a system of ordinary
differential equations. To this end, we use the pseudospectral method [21], [22].
We found that this method is advantageous as compared with space discretization by low order finite differences. Firstly, the error decreases exponentially
for smooth problems when the spatial grid is refined [21]. Moreover, the spectrum of the differential operator is approximated well even by the eigenvalues
of its discretization with large modulus [23]. For numerical comparisons, see
[24], [25].
As a prerequisite to introduce the pseudospectral method, we require some definitions. The inverse discrete Fourier transform of a discrete grid vector (which
is assumed to depend on continuous time t) Û (t) = (û−K (t), . . . , ûK−1 (t)) is
defined as
K−1
X

!

ikπxl
ûk (t).
Z(xl , t) := DFT (Û ) :=
exp
x
end
k=−K
−1

(25)

Here, we use an equidistant spatial grid (x−K , . . . , xK ) defined on the truncated
interval [−xend , xend ]. Conversely, the discrete Fourier transform of Z(x, t) is
defined as
X
ikπxl
1 K−1
exp −
ûk (t) := DFT(Z) :=
Z(xl , t).
2K l=−K
xend
!

(26)

Now, the application of the kinetic part of the Hamiltonian H (which contains
the derivatives w. r. t. the spatial variable) to a single-particle function φj (x, t)
is approximated by
(−i∇ − A(t))2 ≈ DF T −1 ◦ (−iD − A(t))2 ◦ DF T,
where
11

(27)

!

kπ
D := diag
,
xend

k = −K, . . . , K − 1.

By default, we use explicit Runge-Kutta methods for the time integration of
the ODEs resulting after space discretization (27). For reasonably smooth data
and moderate grid spacing ∆x, these methods were found to work dependably and retain their classical convergence orders, thereby yielding an efficient
method for time integration. Extensive test results reported in [24] support
this claim, see also [25] and the examples given later in this section.
For difficult problems and fine spatial grids, however, a more robust, low-order
alternative is given by variational splitting introduced in [13] for the nonlinear
PDEs arising from MCTDH in quantum molecular dynamics.
In this method, the Hamiltonian H := T + V from (2) is split into the parts

T :=
V :=

f 
X
1

k=1
f
X

2

X

k=1 l6=k



(−i∇k − A(t))2 + U (xk ) ,

(28)

V (xk − xl ).

(29)

One step of the variational splitting method starting at t = t0 with time step
∆t is defined as follows:
−
(1) Compute ψ1/2
∈ M as the solution at time t0 + 12 ∆t of

*

∂
δψ i − T ψ
∂t

+

L2f

= 0 ∀δψ ∈ Tψ M,

(30)

with initial value ψ(t0 ) = ψ0 (“T step”).
+
(2) Compute ψ1/2
∈ M as the solution at time t0 + ∆t of
*

∂
δψ i − V ψ
∂t

+

L2f

= 0 ∀δψ ∈ Tψ M,

(31)

−
with initial value ψ(t0 ) = ψ1/2
(“V step”).
(3) Compute ψ1 ∈ M as the solution at time t0 +∆t of (30) with initial value
+
ψ(t0 + 1/2∆t) = ψ1/2
.

This symmetric splitting yields a second order approximation for the solution
to the full problem (7) resulting from MCTDH with smooth data, see [13].
Our numerical test results indicate that this is also the case for MCTDHF for
the electronic Schrödinger equation discussed here.
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Now, since T ψ ∈ Tψ M for ψ ∈ M ∩ H 2 , the two steps of the form (30) are
equivalent to solving the Schrödinger equation
i

∂ψ
= Tψ
∂t

(32)

on the respective domains. If the initial function is chosen according to (18),
(32) decouples into a set of single particle Schrödinger equations:
daJ
= 0, ∀J,
dt
∂φj
1
i
= (−i∇ − A(t))2 φj + U φj ,
∂t
2

(33)
∀j.

(34)

The second splitting step (31) leads to equations
da
= AV (φ)a,
dt
∂φ
= BV (a, φ)φ,
i
∂t
i

(35)
(36)

where AV and BV are defined analogously as in (11) and (12), using the
operator V instead of H.
The single particle Schrödinger equations (33) and (34) are efficiently solved
by the pseudospectral method in conjunction with the exponential midpoint
rule [17], [22].
For the solution of the reduced working equations (35) and (36), various
(second-order) schemes can be employed. It turned out that the choice of
the numerical integrator for these equations is not critical, since the reduced
working equations do not suffer from the unsmoothness introduced by the
space discretization of the (unbounded) differential operator T . Two (implicit)
schemes proposed in [13] and an explicit variation of these schemes were implemented and found to perform similarly [24].
It must be stressed at this point that the problems (33), (34) and (35), (36)
can be solved independently, using coarser step sizes for the numerical approximation of the smooth subproblem (35), (36). This may imply a massive
reduction in the computational effort in many situations [24], [25]. In the setting discussed here, however, this feature of variational splitting could not be
exploited, the best results were obtained when step sizes were chosen the same
for both subproblems.
To conclude this section, we give some numerical results demonstrating that
both, Runge-Kutta methods and variational splitting, retain their classical
13

convergence orders when employed for time integration of the working equations, and assess the efficiency of the methods in a typical test situation. To
this end, in Tables 1 and 2, we give the results for a model problem where
N = 4, f = 2, and the pseudospectral method is used for space discretization
on a uniform grid with K = 500. The complete problem specification is given
in [24]. All the numerical computations reported in this paper were performed
with the MCTDHF code [9] on a Compaq SC45, where the code was compiled
with the Compaq Fortran 90 Compiler V5.5-1877-48BBF in IEEE double precision arithmetic with relative machine precision ≈ 1.11 · 10−16 . Table 1 gives,
for the classical Runge-Kutta method of order four used with different values
of the discretization parameter ∆t, the absolute and relative errors in the electron density and empirical convergence orders pabs and prel computed w. r. t. a
highly accurate reference solution (where ∆t = 3.125 · 10−4 was chosen), and
additionally the number fcount of evaluations of the mean field operator matrix H. This last value is a good indicator of the performance of the method,
as this is the computationally most expensive part of the calculation 4 , and
the runtime for problems with large N and f is directly proportional to the
number fcount [24]. The absolute error is computed as the maximum of the
error over the whole spatial grid for every t, where subsequently the maximum over all t is taken, while for the relative error the maximum over the
spatial grid is taken at the end point of the time interval, see [24]. The same
quantities are given for variational splitting in Table 2, where the same reference solution as before is used. The discretization parameter ∆t is chosen
such that the same values of fcount appear for both the Runge-Kutta method
and variational splitting. We observe that the classical convergence orders
four and two are retained, respectively, but the results for variational splitting
appear more reliable. However, for like values of fcount, the accuracy of the
solutions computed by the Runge-Kutta method clearly exceeds the accuracy
achieved by variational splitting. Thus, for this test configuration, the RungeKutta method should be favored. However, we observed that for fine spatial
grids, variational splitting may be able to compute a solution reliably where
Runge-Kutta methods become unstable. In addition, when low accuracies are
sufficient, variational splitting may be employed, since the step sizes for the
Runge-Kutta method have to be chosen rather small in order to guarantee a
reliable integration by this method. Finally, the efficiency of the solution by
variational splitting might be increased by using a composition method [26]
in order to raise the convergence order of the numerical approximation. The
complete results of our numerical experiments are given in [24].

4

Note that in order to make the evaluation computationally tractable, the particleparticle potential is expanded into a suitably truncated sum of products of singleparticle potentials, thus reducing the complexity of the integrals appearing in the
definition of H. For details of this procedure, see [9].
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∆t

abs. err

5.00E−03

2.3710E−09

2.50E−03

2.9849E−10

pabs

rel. err

prel

1.1149E−05
2.99

fcount
176,000

1.1826E−06

3.24

352,000

1.25E−03 1.9560E−11 3.93 7.2798E−08
Table 1
Numerical results for the Runge-Kutta method.

4.02

704,000

prel

fcount

∆t

abs. err

2.50E−03

1.9101E−07

1.25E−03

4.7738E−08

2.00

4.2136E−05

2.00

352,000

6.25E−04

1.1933E−08

2.00

1.0534E−05

2.00

704,000

pabs

rel. err
1.6862E−04

176,000

Table 2
Numerical results for variational splitting.

4

A realistic example

To demonstrate the potential of our code, we now give results computed for
realistic data. Thus, we show the electron density for a molecule with four
electrons (f = 4), where N = 6 is used in the ansatz (6) and a complex
absorbing potential with cend = 60 and c = 1 is imposed. A spatial grid
with K = 500 is used on the interval [−100, 100]. The time integration is
performed for t ∈ [0, tend ], where tend denotes 15 optical cycles 2π/ω, see (5).
The laser pulse is chosen such that its amplitude increases linearly for the first
two cycles, remains constant for two cycles, and finally decays again linearly
for two cycles. In the last nine cycles of the computation, no laser field is
present. Figure 1 shows the profile of the electron density in normal scaling
and additionally on a logarithmic scale, where the spatial interval is truncated
to [−20, 20]. To show the effects more clearly, we give cross-sections of the plot
from Figure 1 at t = 0, and after three, six and 15 optical cycles in Figure 2.
The plots show the two main effects of the laser–molecule interaction. On the
linear scale, one sees a significant modulation of the dominant central feature
of the electron density in the oscillatory field: the density oscillates according
to the forces excerted by the field, the molecule is polarized. The fact that
polarization is rather pronounced is characteristic for molecules. After the
field has passed, the central peak is reduced, which corresponds to ionization,
i. e., the lasting removal of electrons from the molecule. The dynamics of this
effect is only visible in the logarithmic scale representation of the density
(Figure 1, right, and Figure 2). In the absence of the laser field, the electron
density decays exponentially with the distance from the central peak. When
ionization starts, electrons are removed to larger distances. Note, however,
that this density remains comparatively low at a level of ∼ 10−4 of the central
density even during the maximal field strength. In general, the effect that is
15

measured in the laboratory is a rather small effect on top of stronger, but
only transient modulations. This explains the rather high numerical accuracy
needed in this type of calculation. It has been shown [9] that ionization is in
fact strongly dependent on the number of orbitals N used in the calculation.
In the language of physics, this means that ionization of molecules is a process
that involves significant electron correlation.

1
1e-4
1e-8

1

0.6
0.4
0.2
0
-20

1e-4
1e-8
0
x

20 0

15
10
5 Opt. cycles

1e-12
-20

x0

20 0

5

15
10
Opt. cycles

Fig. 1. Electron density for a realistic model showing polarization and ionization in
normal scaling (left) and on a logarithmic scale (right).
1

1

1e-2

1e-2

1e-4

1e-4

1e-6

1e-6
after 0 opt. cycles

1e-8
-20

0

after 3 opt. cycles
1e-8
-20

20

1

1

1e-2

1e-2

1e-4

1e-4

1e-6

20

1e-6
after 6 opt. cycles

1e-8
-20

0

0

after 15 opt. cycles
1e-8
-20

20

0

20

Fig. 2. Electron density for a realistic model showing polarization and ionization at
t = 0, and after three, six and 15 optical cycles, logarithmic scale.

5

Conclusions and outlook

We have presented approximation methods for the solution of the timedependent Schrödinger equation arising in ultrafast laser dynamics. We can
show that the multi-configuration time-dependent Hartree-Fock method may
serve to represent the wave function exactly in principle. Moreover, we proposed reliable numerical solution methods to be used in the context of the
method of lines for the practical solution of the nonlinear PDEs associated
16

with MCTDHF, and assessed their applicability and performance. Our default choice for the numerical solution of the differential equations is space
discretization by the pseudospectral method in conjunction with time integration by explicit Runge-Kutta methods, but variational splitting may yield a
reliable alternative for time integration of unsmooth problems. Thus, a variable order, variable step size code based on these components is used to solve
real-world problems, see also [1], [2], [9].
Our experiences so far suggest that our approach can also be successfully extended to problems in three spatial dimensions with cylindrical symmetry,
which constitutes the physically relevant case. For an efficient implementation
in that case, parallelization will be crucial in order to be able to solve large
models. Consequently, the issue of space discretization will have to be reconsidered, and the time-stepping strategy may need to be refined. An extension
of our code taking these aspects into account is currently being developed.
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