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We discuss the numerical approximation of the solution ® mhulti-configuration time-dependent
Hartree-Fock (MCTDHF) equations in quantum dynamics. TheT@HF method approximates the
high-dimensional wave function of the time-dependenttedeic Schrodinger equation by an antisym-
metric linear combination of products of functions depegdonly on three-dimensional spatial coor-
dinates. The equations of motion, obtained via the Diragrkel time-dependent variational principle,
consist of a coupled system of three-dimensional nonlipeatial differential equations and ordinary
differential equations. We investigate the convergenopgnties of a time integrator based on a splitting
of the Hamiltonian directly in the variational principleir§t-order convergence in thé! Sobolev norm
and second-order convergence in tifenorm are established under a solution regularity48f As a
prerequisite, we show that the MCTDHF equations have aisalim this Sobolev space if the initial
data has such regularity.

Keywords MCTDHF method, electronic Schrodinger equation, splifimethods, regularity.

1. Introduction

This paper deals with an approach to the approximate salofithe time-dependent Schrodinger equa-
tion for a system of unbound fermions interacting by Couldorbes,

.0
YHy, wO=uw (1.1)

where the wave functiog = @(x(Y, ..., x(@ t) depends on the spatial coordinax€s c R® of d parti-
cles, and on timé. The many-body Hamiltonian is given by

H=T+V, (1.2)

where the kinetic energy operafbiis the sum of the kinetic energy operators of the particles,

d
T=3TY with TV =
k=1

1
- EAXGO

with the Laplaciam, with respect to the coordinates of tki particle, and where the potentialis
given by pairwise Coulomb interaction of the particles,
1
V= gk XK — x|’
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with the Euclidean norm:- | in R3.

The applications that motivate this research are given &ysthdy of ultrafast laser pulses in pho-
tonics [5, 14, 29, 30]. There, the single-particle partshef Hamiltonian additionally depend on a
time-dependent drift term modeling the laser determined byal-valued functioi(t), and moreover
an attractive potential to a nucleus of chargat the origin is incorporated,

1, . 2 Z
TR = > (—|Dx(k) —A(t)) - —|X(k)| . (1.3)

Here and in the following, the subscript of the differentgkrator] « (and likewise forA,« ) refers
to differentiation with respect to the space variables eigsed with thekth particle. Extensions of our
analysis to models (1.3) are briefly discussed at the endaifd®es 3 and 4.

The method chosen to make the linear electronic Schrodameation (1.1) tractable for numerical
computation, is the multi-configuration time-dependenti¢g@—Fock method, MCTDHF [5, 13, 14, 25,
29, 30], which is closely related to the MCTDH method in quemimolecular dynamics [2, 3, 4, 23, 24].

In the MCTDHF approach, the wave function is approximatee tipear combination of antisym-
metrized products (Slater determinants) of functions el&gending on the coordinates of only a single
particle (henceforth referred to asbitals). The antisymmetry is required to concur with thauli ex-
clusion principle[19]. The Dirac—Frenkel time-dependent variational piple[8, 9] yields equations
of motion for the orbitals and the coefficients in the lineambination of the products. The MCTDHF
method thus replaces the high-dimensional linear Schgatiequation by a system of low-dimensional
nonlinear partial differential equations and ordinaryfetiéntial equations and in this way makes the
problem computationally tractable.

In Section 3, we study the nonlinear equations of motion eMICTDHF approach. For initial data
in the Sobolev spadd? of functions that are square integrable together with @irtfirst and second-
order weak partial derivatives, we show that a unique saiuid the MCTDHF equations exists H?,
even globally in time unless a density matrix appearing éttethod formulation becomes singular.

In Section 4, we study the approximation of the MCTDHF equratiby semi-discretization in time
employing an operator splitting introduced in [20], whigiits the Hamiltonian directly on the level of
the time-dependent variational principle. It is shown fleata symmetric, second-order splitting, first-
order convergence holds k' when the solution is itd?, and the method is second-order convergent
in L? for the same solution regularity.

2. The MCTDHF method

In the MCTDHF method, the multi-particle wave functigns approximated by an antisymmetric linear
combination of Hartree products, that is,

Yo X~ up® X = S Ay @ (g (X ). (2.0)

Here, the multi-indiced = (ja,..., jq) formally vary forj, =1,...,N, k=1,...,d, thea,(t) are com-
plex coefficients depending only orand theN orbitals ¢ (x,t) depend on the three-dimensional spatial
variablex € R® and on timet. In view of the Pauli principle, antisymmetry is imposed be toeffi-
cientsay: for any permutatiow of {1,...,n}, we have witho(J) = (jg(1),- -, jorm)) that

ag(y)(t) = sign(o) ay(t) for allt. (2.2)
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The approximation can thus alternatively be written as

u(x®,. . XD gy = S i OVA @ A A, (XD, XD ) (2.3)

1<jl<---<jd<N

with the antisymmetrized productSléater determinanjs
1
b, AR Pig (X(l)a s 7X(d)at) = ﬁ det(qojk(x(|>7t))k,|:1,...,d : (24)

Thus, in fact only('c\,') coefficientsay have to be determined in the actual computations. The MCTDHF
method is a model reduction analogous to the low rank appration of time-dependent matrices,
where a large system matrix is replaced by a linear comlminasf rank-1 matrices. The particular
choiceN = d, that is, taking only a single Slater determinant for theragjmation, is known as the
time-dependent Hartree—Fock method (TDHF). It dates badRitac [8] and has since long found
widespread use in physics.

The Dirac—Frenkel time-dependent variational approxiomaprinciple [8, 9] (see also [22] for a
detailed discussion) is used to derive differential equretifor the coefficients; and the orbitalsp,
in (2.1). Foru(t) in the manifold.# of ansatz functions (2.1) of full rank, we require that theei
derivative du/dt be chosen such that the residual of the Schrodinger equitiorthogonal to the
tangent space&,.# of .4 atu:

<5u

Using the Dirac—Frenkel principle and imposing orthogé@pand gauge conditions on the orbitals,
(o] @) =9k t=0, (2.6)

<<PJ\ ;f>=<¢JIT|m>, t>0, 2.7)

|% —Hu> 0 forall due F,.# . (2.5)

with T = —%A, yields a system of coupled ordinary and partial differ@rgtjuations for the coefficients
a = (ay); and orbitalsg = (¢);, rigorously derived in [2, 23] under the implicit assumptithat a
sufficiently regular solution exists:

.day

A Z<¢’J Viea, VI, (2.8)
98 _ 1g S S Vv i—1....N 2.9
e = TaH1-PS S pbunlVima. =l @9)

Here we have the Hartree produdts: = Qp_; @;, and thesingle-hole functions
g = (@glw, j=1,...,N, (2.10)
with the integration in th&2 inner product over the first variabk€!, so that by (2.6),

o X0 = T 8ol B0 0, (D)
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The inner productsym|V ) are over all remaining variables. Sindeis a sum of two-particle
interactions, these high-dimensional integrals as wethase in (2.8) actually reduce to six- and three-
dimensional integrals.

Thedensity matrixp(t) with entries

pi=(WilY) = Y A gz (2.11)

(J2$"'7Jd)

is assumed to be nonsingular, anﬁ#] in (2.9) are the entries gf 1. The choice of the initial condition
such thatp is nonsingular ensures that this holds at least for stalh [1] a sufficient criterion for
global invertibility of p is given.

Finally, P is the orthogonal projector onto the space spannegi by. , g,

N
Px=> @ (@lx)-
j=1

The problem formulation based on the gauge condition (Zf@&)othe advantage that the single-particle
operatolT = —%A appears outside the projection in (2.9).

3. Regularity of MCTDHF orbitals

As a prerequisite for the convergence analysis of numeajgatoximations, we establish the existence
of a unique, regular solution to the MCTDHF equations (28)9).

THEOREM 3.1 Consider the systelf2.8)-(2.9)together with initial conditions such that the orthonor-
mality constraintg2.6) are satisfied and the density matpx0) defined in(2.11)is nonsingular. If the
initial data for ¢j is in the Sobolev space?Hthen there exists a unique strong solution of the MCTDHF
equationg?2.8)(2.9)satisfying

ay € C3([0,t*),C), @ €CY([0,t*),L2)NC([0,t*),H?),

where eithert = » or the density matriyp(t) becomes singular fort t*. Moreover, for u defined by
as, @ via (2.1), we have (t) € H? for t € [0,t*), and u solves the Dirac—Frenkel variational equa-
tion (2.5).

For thesingle-configuration time-dependent Hartree-Fock method (TDHForresponding result
was given by Chadam and Glassey [7]. In parallel to our wonkexistence result for the MCTDHF
equations was recently given in [1], including also a cidterfor the global invertibility of the density
matrix p. Since the estimates needed for our argument are the sahmesagéquired in the convergence
analysis of the variational splitting given in Section 4, wevertheless include our analysis in this
section.

To prepare for the proof of Theorem 3.1, we note that the 1igintd side of (2.8)—(2.9) contains
terms of the forms

1 o
(o |5y ), & =7w )

<<ul<x><h<y>

Flw‘ <pz<x><ﬁz<y>> —ys (3.2)

L2(xy)

1The subscripts on inner products and norms refer to theihmepaces involved and the variables these are associitted w
They will be omitted if there is no danger of ambiguity.
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which need to be estimated. These are associated with ttid@grarticle interaction¥. Note that (3.2)

appears only in the equations (2.8) since in (2.9) theseibotibns are annihilated by the projection
| — P, and that the terms actually take the form of antisymmeitndr combinations

(o

1 ~ ~
S| e - R0 (33)
Ix—yl L2(x)

1
Xyl
The following lemma collects the necessary estimates.

LEMMA 3.1 Let.7 and ¢ be defined by (3.1)-(3.2). Then, there are the following hisunith a
constanC independent ofp, @&, @1, @.

<@®@W)

’@(x)(b(y)—(ﬁz(x)(pz(y)>u . (3.4)
2(xy

17l < Clloll2ll@llpall @l 2 (3.5)
1071z < C(lelwlellele+lelelelqllelq:) (3.6)
172 < Clllllelllelye (3.7)

|71 < Cllallel@llillelell el 2 (3.8)

Moreover, the dependence.gf and_7 ongy, @, @1, @ is locally Lipschitz continuous frori2 to H2
and fromH? to C, respectively.

Proof. Much of the proof rests on the Hardy inequality [12, p.350]

/'|“”de<4/|mmwﬁdy xRS, (3.9)
R3 [X— |2 R3
The Cauchy-Schwarz inequality and the Hardy inequalitidyie
1
H<<ol<x> e |\<oz<x>> < const| 1 | @2l e (3.10)
Y 1209 =gy
Therefore,
172 < const|@lz] @l @ 2 (3.11)

The modulus of (3.2) satisfies by similar arguments

~ 1 ~
A1 < const| (@000 |2 @@
Yl L2(xy)
1 .|~
< const <(P1(X) m’@(x)> ‘<(Pl (P2>L2
Y L2069 lLoqy)
< const]| @ ol @alle ]| @1 2|l (3.12)
Next, we consider thel-norm of.Z. Noting that

1 1
Oy = — = By \,
Yx—y] — x=y2 7Y
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where€_y denotes the unit vector in direction- y, we find similarly as in (3.10)

1 1 ~
1072 < ||lz—g@®) (X [l 2 (3.13)
Ix—| 123 ||y Ix—yl 1209 ||y
+00n5t|\(P1||L2H(P2HH1||€E>2||H1 )
< const(||@llpall@llpeli@llz + @l 2l @l @lhe) - (3.14)

Next, we use the fact thagémix|)~* is the fundamental solution of the three-dimensional Leipta
and the bound|@; @@ || 2 < const||@ |1/ @2l @l 42 (which follows from the Sobolev embedding
H?® c L®) together with the previous estimates to obtain (3.7) @stimate is also given in [6, p.976]).
Note in particular that the bound depends only linearly @+tf-norms of thegp’s.

To verify that.# is locally Lipschitz fromH? — H?, the same estimates as above are used, where
one of they's is replaced by the difference between two orbitals, aedsdme is done foy? . O

The outline of the proof of Theorem 3.1 is similar to [7]: fiflsts shown that solutions ifl? exist
locally in time, where the growth in thel2 norm is exponential in terms of a bound of tHé norm
of the solution, and also a bound of the invepse' of the density matrix. Since thd® norm of a
strong solution can be bounded by the constant total eniefgilows that theH* norm remains in fact
bounded and thel? norm grows at worst exponentially as long@s' remains bounded. There are,
however, some subtleties that need to be addressed cgrefull

We write the system (2.8)—(2.9) compactly as

d
|d—f‘ — Ao, (3.15)
9

'a_(f — Te+Bv(a)g. (3.16)

We will use the following norms: For coefficient vectas= (a;) € CP, whereD = ('(\,') we use the

Euclidean norni|al| = (3, |a;|2)1/2. For the orbitalsp = (¢j) € (L2)N we use||@||s = max ||¢|s,
where| @;||s denotes the norm in the spacgs- L2, H!, H? etc. For the paiz = (a, 9), we use the
norm|[(a, @)|[s = max{{|al|, || ¢l|s}-

Theorem 3.1 is proven by verifying the assumptions of theterice result from [28] (also restated
in [26, Section 6.1]) for an abstract initial value problemtbe Banach spacg,

g—tz(t)+Az(t) = f(t,z(t)), z20)=2LeX. (3.17)

If f :[0,00) x X — X is continuous in t for t= 0 and locally Lipschitz in z, uniformly in t on bounded
intervals, and—A is the infinitesimal generator of a strongly continuousiggoup on X, then for every
2 € X there is at > 0 such that the abstract initial value problef®.17)has a unique strong solution
z on[0,t*). Moreover, if t < oo, thenlim¢_« || 2(t) || = co.

Proof of Theorem 3.11n order to prove that the system (2.8)—(2.9) with initiatadéa®, ¢°) has
a unique solution irH? at least for smalt, we show that this system satisfies the assumptions of the
above existence result for abstract initial value problegubsequently, we will show that the solution
remains bounded ikl as long ag is nonsingular.

We need to consider the dependencégfandBy on the coefficient vectoa and the orbitalsp.
From the smooth dependencemf! on a whenp is nonsingular, and the estimates f@r and _#
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above, we obtain that estimates

[ (Av(9)a,Byv(a,@)9) — (Av(9)4,By (& 9)9)|s< Cil(a, @) — (& 9)|s. (3.18)

hold locally in the spaceS= L2, H!, H2, with a constan€; depending on théi-norms ofp and@
and bounds c& andp 1.

With the existence result for abstract initial value probdeapplied to the system (2.8)—(2.9), we
now conclude that a strong solutignexists inH2 on some interva|0,t;] with t; > 0. This further
implies thatg; satisfy the orthonormality relations (2.6), provided ttra initial data are orthonormal;
see [18]. We then conclude that= ¥ ;a;®; indeed solves the variational problem (2.5).

Having come this far, we note next that theand theH* norms ofu are bounded along solutions of
(2.5): TheL?-norm is conserved, which follows immediately on taking teal part in (2.7). Moreover,
the total energ¥ := (u|H |u) of variational approximations is conserved; see, e.g.0fJ22, Section
11.1]. Hence, the trivial bound of the kinetic energy operatk,

1
> lulffe = (u[T|u) <E,
implies boundedH®-norm ofu. Now, a calculation using the orthogonality relation (2aé) formula
(2.11) shows that

16" ul2, = ijl (Gglaag), (3.19)
B

wheredi(k) is the partial derivative with respect to théh component of the position variabt& of the
k-th particle, and; is the partial derivative with respect to théh component ok. Sincep is hermitian
positive definite, it follows that thel! norm of ¢ can be bounded in terms of th&! norm ofu, with a
constant that depends on a boungbof.

To derive a bound for thél?-norm, we applyT = —%A to the integrated form of the differential
equation forg,

. 't .
o) —e @i [ e I8y (a(s). p(s)ds
0
With the estimate (3.7), we find that

't
IT@Wle < [Tl +C [ 90 e dr (320)

with a constanC that depends only on bounds pf* and of thelL.2- andH!-norms of¢g on the con-
sidered time interval. Sincgg(t)||y2 ~ ||@(t)||.2 + || T@(t)|| 2, we obtain with the Gronwall lemma
that

le(t)]2 < const]| (0) 2 " (3.21)

Since theL?- andH-norms ofg have been shown to be bounded, we conclude overalitoah grow

at worst exponentially ih on any interval on which a bound pft is available. In conjunction with the

existence result for abstract initial value problems ongp@gthis shows the assertion of Theorem 3.1.
O

REMARK 3.1 On rewriting (3.1) as

Zy) = <<pl<y—x>

ﬁ‘@(y—X>> @(y)

L2(x)
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and differentiating the differential equations for te the above result is readily extended to show that
for everym > 2, the orbitalgp, are inH™ if the initial data is inH™.

REMARK 3.2 For the extension to the more elaborate single-padjpégators (1.3), we note that (1.3)
still generates a strongly continuous semigroupHi since ¥|x| < A [12]. Thus the proposition
remains valid with the same proof.

4. Analysis of Variational Splitting
4.1 Variational Splitting

The variational splitting method for the time integratiohaoSchrodinger equation with Hamiltonian
H =T +V reduced to an approximation manifold’ by the Dirac—Frenkel time-dependent variational
principle (2.5) was introduced in [20]. One stap— u' = Sy (u°) of the method with step sizAt,
starting at® € ., is defined as follows:

. Computeuy2 € ./ as the solution at timgy + %At of

(o

with initial valueu(ty) = u°.

i%—Tu>_0 Youe M, (4.1)

° Computeui/2 € .# as the solution at timig + At of

<6u

with initial valueu(to) = u*/?.

i%—Vu>:O Youe M, 4.2)

e Computeu® € . as the solution at tim -+ At of (4.1) with initial valueu(ty + %At) = ui/z.
For the MCTDHF approximation with the gauge (2.7), this iaieglent to using the usual second order,
symmetric operator splitting (commonly known @sang splitting on the MCTDHF equations (2.8)—
(2.9) [16, 20]. Since for MCTDHF we haveu € %, for u € .# NH?, the two steps (4.1) just solve
the free Schrodinger equation

.0u
IE =Tu. (4.3)
For initial data in.#, this decouples into single-particle free Schrodingeratipns:
day
F 0, vJ, (4.4)
o .
|W_T(pj, j=1,...,N. (4.5)

The step (4.2) amounts to the solution of the nonlinear systé (3.15)—(3.16),

da 09
i =Av(@a 5t =Bv(@.p)e. (4.6)
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which in practice is solved approximately with one or a feapstof an explicit time-stepping method
followed by occasional reorthogonalization of the orlsite8ince the Laplacian has been taken out of the
equation, there is no time-step restrictidth= O(Ax?) as for a direct treatment of (3.16). Advantages
of this splitting have been described in [15] and [20], fatance. Convergence properties for bounded
potentials have been studied in [20]. For Schrodinges$toi equations, the symmetric splitting method
was analyzed in [21]. The error analysis of the present pages similar techniques.

4.2 Error Bounds for the Variational Splitting
We will prove the following convergence result.

THEOREM4.1 Consider the approximation ¢2.8){2.9)by semi-discretization in time with the varia-
tional splitting method U! = Sy (u"), n=0,1,.... Then, the convergence estimates

[u"—u(tn)[[jr < CAt (4.7)
[U"—u(tn)[ 2 < CAt% (4.8)

hold uniformly for0 < t, = nAt < T if the MCTDHF solution (&) is in HZ2. The constant C depends on
the maximum of the Hnorm of yt) for 0 <t <.

4.3 Outline of the Convergence Proof for Variational Splitting

We denote by(t) € .# the MCTDHF wave function with coefficients and orbit@égt), ¢(t)) that are
the exact solution of the MCTDHF equations (2.8)—(2.9),land" € .# the approximate discrete-time
wave function with coefficients and orbitala", ¢") resulting from the variational splitting, which we
denote by

(anJrl7 qot‘lJrl) = Syt (arl7 q)n)

Since this amounts to a symmetric splitting of the vectodfagfining (2.8)—(2.9), we set

T(a,@) = —i (To(p> . V(a,) =—i (Bé\ga(lfoq);)a(p) ., H=T+V. (4.9)

In our estimates we will work with orbitalg € (H?)N and coefficients € CP rather than with the
corresponding wave functiome .#, for which the theorem is formulated. However, in view of the
identity (cf. (3.19))

| (ai(k>)mu||iz = ijl (@ g |0 q) (4.10)
T,

we can switch back and forth between Sobolev-norm estinaitasand @ on any interval where the
hermitian positive definite density matrxhas a bounded inverse. F@, ¢) we use the norms given
after (3.15)—(3.16).

Step 1 First, stability in theH® norm is shown: Ifa, & € CP are of unit norm and, ¢ € (H1)N with

@l <M1, [[@ll < My, (4.11)

then we have 3 3
”SAt(aa (p) - SAt (aa (p)”Hl < eC1At H (aa (P) - (51 QD)HHI, (412)
with a constant; = ¢;(My).
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Step 2 We then estimate the local errorktt. If
lot)||gz <Mz for 0<t <H, (4.13)
then, for 0<t <t — At,
1Sac(a(t), (1)) — (alt + At), @(t +At)) ||y < c2At%, (4.14)

with a constant, = c,(M5). In this argument, a bound for the Lie commutatfF,V](a, @) |1
is used. This depends on thg-norm of ¢.

Step 3 Combining stability (4.12) and consistency (4.14)HR, the standard argument referred to as
Lady Windermere’s faim [11, Section 11.3] then yields convergenceHr,

(@" ¢") — (a(tn), @(tn)) || 41 < C24t, forta=nAt <i, C,=Cy(My), (4.15)
which further yields (4.7), and in particular boundedneisbe numerical solution i,

[[@"[l41 < const (4.16)

Step 4 Next, H!-conditional stability inL? is shown: Ifa,& € CP are of unit norm ana, ¢ € (HY)N are
bounded in théd norm byMy, then

1Sat(@, @) — Sae(&,9) |2 < €4 || (2, 0) — (&, 9) .2, (4.17)
with a constant; = ¢y (My).

Step 5 Then, the local error in2 is estimated. To this end, tHe-norm of the double commutator
[I[T,[T,V]](a, )| 2 is estimated. The bound dependsMs from (4.13). From this it is con-
cluded that, for 6<t <t — At,

[Sat(a(t), @(t)) — (at + At), @t + A1) || 2 < C2At3, (4.18)
wherec; = c(My).

Step 6 Since we previously concluded in (4.16) thia"||,,1 is bounded, the stability estimate (4.17) in
conjunction with (4.18) now yields second-order convemgan L2:

1@, ¢") = (@(tn), @(tn)) [l 2 <C2At?>  forta=nAt<f, Cp=Cp(My), (4.19)
which further yields (4.8).

4.4 Calculus of Lie Derivatives

For the convergence analysis, a convenient notation teelestimates for the local error of the splitting
method is given by the calculus of Lie derivatives; see al§),[[21].

For a (nonlinear) vector fielé, such ad or T orV, we denote byt the corresponding flow, so
thatef (z0) is the solution at time of the differential equation= F(z), z(0) = . If G is another vector
field, theLie derivative [} is defined by

(DFO)@) = 5| G(#(2) = G2F(2). (4.20)

dt|,_,
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We now define
(exp(tDr)G) (2) := G(9t(2)). (4.21)

If Gis the identity, the exact flow is thus reproduced ag&p)ld(z) = ¢f (z). We have the following
manipulation rule:

%exp(tDF)G(z) = (Dg exp(tDg)G) (z) = (exp(tDg)DeG) (2). (4.22)

Moreover, we will use that the commutat®r,Dg] = DeDg — DgDg of the Lie derivatives of two
vector fieldsF andG is the Lie derivative of the commutati, F| = G'F — F’G of the vector fields in
reversed order:

[Dr,Dg] =Dig - (4.23)

4.5 Commutator bounds

In the estimation of the local errors of the variational giplg (Steps 2 and 5) we need to derive bounds
for commutators of the vector fieldsandV. We find that commutators of the nonlinear parts of (2.8)—
(2.9) with the kinetic energy operators contain terms offtilewing forms, after taking into account
the antisymmetry expressed in (3.3):

1
av = (a®[5Islem)  Caw. @.24)
Ix—yl L2(x)
1
@) = (aw[Dols|0ew) o (@.25)
Ix=yl| L2(x)
These terms can be estimated as in Lemma 3.1. We obtain theifud bounds:
[€1llpr < const|| @l | @lalleslle, (4.26)
[€2llyr < const|@|[y || @lpz( @3]l (4.27)

Repeating the analogous derivations to compute the tertheidouble commutatdi , [T,V]] reveals
that the only terms which do not cancel due to antisymmetkg the form

wly) = <qol<x>

1
Sty ) | e (4.28)
X

= (a0 Doy +avse) ey,

which is bounded by
13| 2 < const| @] 2] 2|z | @] 2 (4.29)

on using the Holder inequality and the Sobolev embedditgs L* andL® ¢ H2.

4.6 Proof details

We now work out the details of the roadmap given in Section dsthg the estimates from Sections 3
and 4.5. Without restriction of generality, we tgt= 0.
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Step 1 The substeps (4.1) amount to the solution of free Schré@diaguations (4.3), which preserve the
H1-norm. The substep (4.2) with the potential requires thetgni of (4.6). Since the right-hand
side is locallyH!-Lipschitz by (3.18), thed? stability bound (4.12) follows with the Gronwall
lemma.

Step 2 We denote byDy, Dt andDy the Lie derivatives defined by the vector fields T andV, re-
spectively, see (4.9), omitting for simplicity the hats lire tsubscripts. For a shorter notation, we
write for the vector containing the coefficients and the talbiz := (a, ). We recast the exact
solutionz(t) = exp(tDy )Id(2°) using the nonlinear variation-of-constants formula (&isown as
Grobner-Alekseev formuld 1, p. 98]) twice,

z(t) = exptDy)ld(2D)
= exp(tDT)Id(z°)+/(:exp((t—s)DH)DVexp(sDT)Id(zo)ds

t
exp(tD1)Id(2) + / exp((t — $)D1)Dy exp(sDr)Id(P)ds+r1,  (4.30)
0
with the remainder term given by
t t—s
ri = / / exp((t —s— 0)Dy) Dy exp(aD1)Dy exp(sDr)ld(2)dods  (4.31)
0 Jo
On the other hand, we observe that a step of the numericabahetim be recast as
1 1
7 =54(2) = exp<§AtDT) exp(AtDy) exp(EAtDT) 1d(2), (4.32)
whence by Taylor expansion of eitDy )
7 = exp(AtD7)1d(2) +Atexp<%AtDT) Dv exp(:—ZLAtDT) 1d(2) 42 (4.33)
with
rp = At / (1—8)exp( 5AtDr | exp(6AtDy) DY exp( 5AtDr 1d(2)de.
0
Subtracting (4.30) witth = At from (4.33), we thus obtain
1 1
Z—zAt) = At exp<§At DT> Dy exp<§At DT> 1d(2)
At
- / exp((At —s)D7) Dy exp(sDr) Id(R)ds+ra— 1. (4.34)
JO

Thus, the principal error term corresponds with the quadeatrror of the midpoint rule applied
to the integral ovef0, At] of the function

f(s) := exp((At — s)Dt) Dy exp(sDr)Id(2). (4.35)
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The quadrature error can be writterfirst order Peano fornas
At 1
Atf(At/2) —/ f(s)ds= Atz/ ki(0) ' (aAt)do,
0 0
with the scalar, bounddéeano kernek; of the midpoint rule. We can now compute
(s = —exp((At—s)Dr)[Dr,Dy|exp(sDr)ld(Z)
= exp((At—9)Dr1) Dyt g exp(sDr)1d(2)
= exp(sT)[T,V] (exp((At—9)T)2). (4.36)

By virtue of the commutator bounds derived in Section 4.5 tred unitarity of exp(s‘f) =
blockdiag1,e7'sT), it follows that

At
Hmf(m/z)_/o f(s)d% < QAL (4.37)

H1l

wherec, depends on thel? norm ofz It remains to derive a bound fdjr —rq||q1 < ||ra gz +
|Ir2||y1. Settingt := At — s— o, we observe that

exp(TDy ) Dy exp(aDt )Dy exp(sDr )1d(2)
=exp(sT) V' (exp(oT) z(1)) exp(aT)V (1)),

exp(% DT) exp(6AtDy) D exp(% DT) 1d(2) = exp(% f) V'(QV(Q),
where :=¢&8 (3, 2= exp<% f) 2.
Analogously to the proof of (4.12) (s&tep 1of this proof) we conclude that
12l < exp(c1dt) 2.

Finally, with the bounds

V@l <C, [V (@Wils < Cr Wil (4.38)
with a constan€; depending on thel1-norm ofz, we conclude

Ire = r2flur < [Iraflge + [Ir2llue < CAL2, (4.39)

with another constant depending on th&-norm ofz

Step 3 This follows directly fromLady Windermere’s fafiL1].

Step 4 This is concluded analogously 8¢ep 1, noting (3.5) and (3.8).

Step 5 We revisit the error representation (4.34). We now writegtiacipal error term irsecond order

Peano form
At 1
Atf(At/Z)—/ f(s)ds=At3/ k(o) (aAt)da,
0 0
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with the scalar, bounddéeano kernek, of the midpoint rule. Rearranging, it follows
f’(s) = —exp((At—s)D7)[Dt,[DT,Dyv]]expsDr)id(2)
= exp((At—9)Dr) Dyt 7 g €XP(SDr)Id(2)
= exp(sT)[T,[T,V]] (exp((At—9)T)2). (4.40)

Thus, by the estimates derived in Section 4.5, it is clear tha

<At (4.41)
L

Hm f(At/z)_/oAt f(s)ds‘

wherec, depends offjZ| 2. Finally, we estimate the remainder terms. Defining
g(s,0) := exp((At —s— 0)Dt) Dy exp(aDr ) Dy exp(sDr )Id(2),

we can write
2 At

At
r—ri= Tg(At/Z,O) - /

At—S
/ g(s,0)dods+Fa—F1. (4.42)
0o Jo

Similarly as inStep 2, the remainders satisfy
(IFLll 2+ [IF2ll 2 < C1At3,

whereC; depends or|z||41. The other terms in (4.42) represent the local error of a-@irder,
two-dimensional quadrature formula, and hence

At2 At pAt—S
] Boorz0- 7 [ as a>dad%
2 o Jo

4Y

Jdo

L2
99 ) , (4.43)
L2

SL2

< constAt® (max + max

with the maxima taken over the triangle defined by 8 < At, 0 < 0 < At —s. Computing

g—g(s, o) = exp((At—s—0)Dr)D;yexp(oDr)Dy exp(sDr)ld(2)
+exp((At —s— 0)Dr) Dy exp(oDr) D5 g exp(sDr ) 1d(2)
g—g(s,a) = exp((At—s—0)Dr) D7 yexp(aDr) Dy exp(sDr )Id(2°)

we realize that these partial derivatives only contaiand[T V] together with their derivatives,
whoseL2-norms can be estimated in termsjjafj,> by virtue of (4.38). Altogether, we obtain

Hrz — I'1|||_2 < CAt3,
where the constai® depends offjz|| ;2. Recalling (4.34), we obtain (4.18).

Step 6 Uses the same standard argument &&tep 3
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REMARK 4.1 Theorem 4.1 extends without difficulty to more elabosatgle-particle operators

709 _ % (“ilg — A1)2 +UXY) (4.44)

with a smooth, boundegotentialU. The extension to the situation (1.3) with a Coulomb po#dnti
encounters, however, technical difficulties in estimating commutators, which we do not address
here.
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